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The Necessary Number of Elements in a Directional Ring Aerial 


H. Lotrrur KNupsEN 
Laboratoriet for Telegrafi og Telefoni, The Royal Technical University of Denmark, Copenhagen, Denmark 


(Received October 12, 1950) 


An investigation is made concerning the dependence of the array characteristic of a directional ring aerial 
on its number of elements. It is shown that an odd number of elements is more favorable than an even 
number in approximating the array characteristic of a similar ring aerial with infinitely many elements. It 
was previously shown by Page that a similar statement applies to an azimuthly omnidirectional, fading- 
reducing, concentric ring aerial; this result is contained as a special case in this investigation. The present 
paper deals especially with the case in which the principal direction of the antenna array is horizontal; the 
theory for this case is illustrated by a numerical example. 





INTRODUCTION 


RING aerial, i.e., an array of s similar and simi- 

larly oriented antennas placeu equidistantly along 
a circle, is for sufficiently large s approximately rotation- 
ally symmetrical. (For s=o the antenna system has 
complete rotational symmetry.) This approximate rota- 
tional symmetry of the ring aerial is used in different 
ways. 

In all the cases that will be dealt with here, the nu- 
merical value of the current is assumed to be the same 
in all elements of the array. Also for the matter of 
convenience in describing the field, the plane of the 
circle is assumed horizontal. 

Chireix' has shown that by phasing the elements 
progressively so that the phase increases 2rn, where n 
is an integer, when passing once around the circle, an 
antenna system with reduced radiation at high eleva- 
tion angles is obtained. Since the ring aerial obtained 
in this way is approximately azimuthly omnidirectional 
for s sufficiently large, it will be useful as a fading re- 
ducing antenna for broadcasting purposes. A similar 
array but with several concentric rings was later inde- 
pendently proposed by Hansen and Woodyard?* and 
investigated further by Hansen and Hollingsworth.?* 

'H. Chireix, l’Onde Electr. 15, 440-456 (1936). 


*W. W. Hansen and J. R. Woodyard, Proc. Inst. Radio Engrs. 
26, 333-345 (1938). 

*TI am indebted to Dr. J. Epstein of the RCA Laboratories 
Division, Radio Corporation of America, Princeton, New Jersey, 
for drawing my attention to these eee. 

*W. W. Hansen and L. M. Hollingsworth, Proc. Inst. Radio 
Engrs. 27, 137-143 (1939). 


Another type of an omnidirectional antenna with re- 
duced radiation at high elevation angles may be ob- 
tained by driving a ring aerial with all currents in the 
same phase and adding at the center of the ring an 
antenna carrying a current in phase opposition to the 
currents in the outer antennas and with an amplitude 
somewhat less than the sum of the current amplitudes 
in all of the outer antennas. This array may be con- 
sidered a special case of one of the arrays investigated 
by Hansen and Woodyard.? The application of this 
ring aerial as a fading reducing antenna is described 
by Béhm**® and by Harbich and Hahnemann.® The 
radiation resistance of the above mentioned antenna 
arrays was calculated by Page.’ The discrepancy be- 
tween the array characteristics of ring aerials of the 
type referred to above with a finite number of elements 
and the corresponding aerials with infinitely many ele- 
ments was touched on already by Chireix,! by Hansen 
and Woodyard,? and by Hansen and Hollingsworth’, 
and was recently investigated in detail by Page.* Page 
showed that in the case of a concentric ring aerial, an 
odd number of antennas in the ring gives a better ap- 
proximation of the array characteristic to the array 
characteristic in the ideal case of infinitely many an- 
tennas than an even number of antennas in the ring. 


40. Bohm, Telefunken Zeitung 13, 60, 21-26 (1932). 

5 OQ. Béhm, Hochfreq. techn. u. Elektroak. 42, 137-145 (1933). 

6H. Harbich and W. Hahnemann, Elektr. Nachr. Technik 9, 
361-376 (1932). 

7H. Page, Wireless Engineer 25, 102-109 (1948). 

*H. Page, Wireless Engineer 25, 308-315 (1948). 
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Fic. 1. Ring aerial with s elements. 


Stenzel® has made an application of the approximate 
rotational symmetry of a ring aerial quite different 
from the above mentioned. By giving the currents of 
the antennas in the ring a phase distribution such that 
there is constructive interference of the waves emitted 
in an arbitrary direction in space, hereafter called the 
principal direction, an array characteristic is obtained 
having a principal lobe in this direction. Stenzel con- 
siders especially the case where the principal direction 
is horizontal. If the principal direction is rotated in the 
horizontal plane, the horizontal diagram of the array 
characteristic will also rotate and, as a consequence of 
the approximate rotational symmetry of the ring aerial, 
with its shape almost unchanged. For the ring aerial 
mentioned here, Stenzel has investigated the dis- 
crepancy between the array characteristic in the case 
of a finite, even number of elements and the char- 
acteristic in the case of infinitely many elements, ap- 
parently assuming that there is no essential difference 
between the case of an even number of elements and 
that of an odd number of elements. This assumption is 
explicitly stated by Briickmann’® in his textbook on 
antennas in the chapter dealing with Stenzel’s theory. 
In the present paper it will be investigated whether 
the array characteristic of the directional ring aerial 
with an even number of antennas differs essentially 
from the characteristic of the ring aerial with an odd 
number of elements as was the case with the ring 
aerial investigated by Page.* This investigation is 
based on Stenzel’s as well as on Page’s theory. For the 
sake of completeness those parts of Stenzel’s and Page’s 
calculations that are used in the present investigation 
are included in this paper. 


THE ARRAY CHARACTERISTIC FOR A RING AERIAL 
WITH AN ARBITRARY PRINCIPAL DIRECTION 


Let s identical and identically oriented antennas be 
placed equidistantly along a circle with center O and 
radius p as shown in Fig. 1. A polar coordinate system 
(r,@,¢) is introduced with its center at O, with its 
axis 8=0 perpendicular to the plane of the ring aerial 
(the horizontal plane) and with the plane g=0 passing 
through antenna s. In this coordinate system the azi- 


*H. Stenzel, Elektr. Nachr. Technik 6, 165-181 (1929). 
1°H. Briickmann, Antennen (Verlag von S. Hirzel, Leipzig, 
1939), p. 113. 
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muth, §;, of antenna 7 is expressed by the equation 
8;=j2n/s. 


The currents, J;, in thes antennas are assumed to have 
the same numerical value, but different phases. Using 


as the time factor e~**', we express I; as follows 


I;= Ioe*i, 


The array characteristic of the ring aerial with the 
center O as reference point and with the current s/, 
as reference current is then expressed in the following 
way 


1 s 


ee Z eld ;—ke sind cos(¢—B;)) 
§ j=1 


where k denotes the specific transmission coefficient of 
the medium surrounding the antenna array. 

The currents in the antennas are now given such 
phases, according to Stenzel’s® proposal, that the waves 
emitted in an arbitrarily chosen direction (4, go), the 
principal direction, are in phase. This is obtained by 
choosing 

5;= kp sin cos(go—8)). 


With this choice of the phases 6; the expression for the 
array characteristic becomes 


1 s 
G=- > etkelsindo cos(¢)—8j)—siné cos(~—Bj)) | 


§ j=1 


Following Stenzel we now define an angle & by the 
equation 


cosé 
sin@ cosy— sin Cos¢o 


[ (sin@ cose—sin®y cos¢o)?+ (sin sing— sinO> sing)? } 





Further introducing 
p’ = p[_(sin8 cose—sinOy cos¢o)” 

+ (sin@ sing—sin sing)? }}, 
we may now express the array characteristic in the 


following way 


1: 
G=- >» e ike’ cos(&—B;) | 
§ 7=1 


Let us first consider the case where the number of 
antennas is infinitely large. Introducing in the expres- 
sion for G 

S— 


B86, 
AB ;= 2x /s—dB, 


the sum occurring in this expression is converted into 


’ 





zk 


—-_—- a | 





of 


S- 


to 
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an integral and we find 


cof e—tke’ coshGG = “f cos(kp’ cos8)dB= J o(kp’), 


where J,(z) denotes the bessel function of order y and 
argument z. This expression will be further discussed 
later and illustrated by diagrams in the special case 
where the principal direction is horizontal. 

We now return to the case where the number of 
antennas is finite. For further transformation of the 
above developed expression for the array characteristic 
we then use 


exp(iz sina) = Jo(z) 
+5 Lexp(ina)+(—1)" exp(—ina) J ,(z).! 


n=1 
Setting 
a=v—7/2 
we find 


exp(—iz cosv) 


= Jo) +E (—i)"Lexp(inv)+exp(—inv) |J,(z) 


=Jo(z)+ Ds (—i)" cosnvJ ,(z). 


n=1 


By using this formula we may express the array char- 
acteristic in the following way 


G= Iolo’) +25 (—1)"J,(kp’)1/s x ouett~2). 


Recalling the meaning of §;, 
8;=j2r/s, 
we may make use of the familiar formula 


1: 2r 
->¥ cosn{ &— i*) 


$ j=1 


[cers for n/s= p, where p=0, +1, +2, ---, 
0 in any other case. 


Substituting in the expression for the array characteris- 
tic we obtain 


G=Jo(kp’)+2 LD (—1)”*S pelkp')cospsé. 
p=1 


We now have to treat separately the case where the 
number of antennas is even, and the case where the 
number is odd. 


"G. N. Watson, Theory of Bessel Functions (The Cambridge 
University Press, Cambridge, England, 1944), p. 22. 


When s is even: 


G=Jo(kp’)+2 > J nl b')cos( = t) ps 


p=1 


When s is odd: 


G=Jo(kp’)+2 > Jane’ )cos( = t)2ps 


p=1 


a) TT 
-2 Joapsne(be'ysin (= E)Op+t)s 
p=0 


The first term in the expression for the array char- 
acteristic as well in the case of s even as in the case of s 
odd is seen to be identical with the array characteristic 
in the case of s= «©. The first term in each of the above 
expressions may be considered the principal term and 
the remaining terms correction terms, which express 
the difference between the array characteristic for the 
array in question and the array characteristic for the 
corresponding array with infinitely many elements. 
Since a bessel function of constant argument decreases 
rapidly with increasing order, it follows that the array 
characteristic for an increasing number of antennas, s, 
converges rapidly to the array characteristic for s= 
as was expected. As a rule it is desirable to choose s so 
large that the array characteristic is a good approxima- 
tion to the array characteristic in the case of s=o; 
on the other hand, for practical reasons it is desirable 
to choose s as small as possible. 

The array characteristic in the case of s even is de- 
rived by Stenzel approximately in the way described 
here. The correction terms in the case of s even are 
seen to be in phase with the principal term. On the 
other hand, in the case of s odd, there occur correction 
terms in phase with, as well as correction terms 90° 
out of phase with, the principal term. Let us for a 
moment suppose that we have chosen s so large, that 
the correction terms are small compared with the maxi- 
mum value of the principal term, ie., 1. The array 
characteristic may then sufficiently accurately be ex- 
pressed by the principal term and the first term in each 
of the infinite series of correction terms. 


When s is even: 
G=Jo(kp’)+2J.(kp’)cos(4/2—£)s, 
|G| = | Jo(ke’) +27 .(kp’)cos(x/2—£)s|. 
When s is odd: 
G=Jo(kp’)+2Jo,.(kp’)cos(x/2—£)2s 
—i2J ,(kp’)sin(x/2—£)s, 
|G| = (LJo(kp’) +2 2.(kp’)cos(w/2— £)2s P 
+[2J,(kp’)sin(r/2—£)s F)}. 


Apart from the immediate neighborhood of the zeros 
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of Jo(kp’) this may be expressed approximately as 
|G| = | Jo(kp’) + 2J2.(kp’)cos(x/2—£)2s| 
+ (2LJ.(kp’)sin(/2—£)s )/| Jo(ke’) | , 


because a bessel function of constant argument de- 
creases so rapidly with increasing order that the cor- 
rection term containing the bessel function of order 2s 
may be neglected compared with the correction term 
containing the bessel function of order s. 

Since the correction term 90° out of phase with the 
principal term is the most important term in the case 
of s odd, this case will be more favorable than the case 
of s even as regards the approximation to the array 
characteristic for s= 0. This will be demonstrated 
later by a numerical example in the case where the 
principal direction is horizontal. At first, however, we 
shall give a short treatment of the case where the 
principal direction is vertical, thereby establishing the 
connection between Page’s work and the present in- 
vestigation. 


THE PRINCIPAL DIRECTION PERPENDICULAR TO 
THE PLANE OF THE CIRCLE 

For a ring aerial with its principal direction per- 

pendicular to the plane of the circle, i.e., 6.=0, we find 


5;=0. 


The currents in all of the antennas consequently are 
in phase. By adding to this array an antenna at the 
center of the circle with a current 180° out of phase 
with these currents we obtain the fading reducing, 
concentric ring aerial referred to above. 
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Fic. 2. Horizontal pattern of the 
numerical value of the array charac- 








9 
PASS i teristic of a directive ring aerial with 
ASS TH its principal direction in the hori- 
SKOOL zontal plane for s=« and for the 
SST Se values of p/d indicated in the figure. 
SEER KL 


Setting 6)>=0 in the expressions for £ and p’ we get 
f= 9, 
p'=psiné. 


Substituting in the expressions for the array char- 
acteristic we obtain 


when s is even: 
« Tv 
G=Jo(kp sind)+2 > Jp.(kp snt)cos(“— e) ps; 
p=1 


when s is odd: 
«o Tv 
G=Jo(kp sin@)+2 >° J,,,(kp sint)cos( =» ) 2ps 
p=1 


o TT 
—12 D0 SJ epssye(hp sind)sin(“—o ) (2p 1)s. 
p=1 2 


The case of s even was discussed by Chireix ;! however, 
besides the principal term of the array characteristic 
he only gives the first correction term. Page® investi- 
gated in detail as well the case of s even as the case of 
s odd and concluded that a much better approxima- 
tion to the array characteristic in the ideal case of 
s= 0 is obtained by using an odd number of antennas 
than by using an even number. 

Since the special case mentioned here has been dis- 
cussed at length in the literature, no further discussion 
of it will be given here. 
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THE PRINCIPAL DIRECTION IN THE 
PLANE OF THE CIRCLE 


In this paper we shall especially deal with the case 
where the principal direction of the antenna array is 
horizontal, i.e., 9=2/2. Confining our investigation to 
the horizontal plane @= 2/2 we obtain for this value of 6 


§=1/2+(9+¢0)/2), 
p’ = 2p sin((g— ¢go)/2). 


By substituting in the expressions for the array char- 
acteristic for a ring aerial with s antennas we get 


when s is even: 
G=Jo(2kp sin((¢—¢o)/2)) 
+2¥ Fa(2ho sin ((e—¢)/2))cosl (e+ en)/2I; 


‘ 





Fic. 3. Number of lobes, m, in the horizontal pattern of the 
array characteristic of a directive ring aerial with the principal 
direction in the horizontal plane for s= © as a function of p/d. 


when s is odd: 
G=Jo(2kp'sin((y— ¢o)/2)) 


42 X Japa (2h sin((y—¢o))/2)cosf (¢-+ oo)/2]2ps 


+72 X Japsne(2he sin((g— ¢o)/2)) 


Xsin[ (e+ ¢0)/2](2p+1)s. 


The expression for the array characteristic in the case 
of s even was derived by Stenzel® whereas no discussion 
of the case of s odd seems to have been published. 
As was already mentioned and as will be further dis- 
cussed in what follows, the case of s odd differs es- 
sentially from that of s even, the first case being more 
favorable than the second as was the case with the 
fading reducing, concentric ring aerial investigated by 
Page. 

According to what was shown above, the principal 
term Jo(2kp sin((g— ¢o)/2)) is identical with the array 
characteristic for the corresponding ring aerial with 
s= 0, so the remaining terms may be considered cor- 
rection terms. From the expression for the array char- 
acteristic in the case of s= ©, for directions in the hori- 
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Fic. 4. The maximum value of 
the fully developed lobes in the 
horizontal pattern of the array 
characteristic of a directive ring 
aerial with the principal direction 
in the horizontal plane for s= o. 





ere Ce Se Ce 
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zontal plane, we see that it is a function only of the 
angle v between the direction g and the principal 
direction go, »= y— go. Consequently, when the prin- 
cipal direction is rotated in the horizontal plane an 
angle Ago by readjusting the current phases in the 
way described above, the whole horizontal pattern 
will be rotated the angle Ago with its shape unchanged. 

In Fig. 2 the horizontal pattern of the numerical 
value of the array characteristic is plotted for s= 
corresponding to various values of the ratio of the 
radius p of the circle to the wavelength \. Several of 
these diagrams are calculated and plotted in the paper 
by Stenzel® referred to above; they are included here 
for the sake of completeness. From the expression for 
the array characteristic as well as from the diagrams in 
Fig. 2 it is seen that the horizontal pattern is sym- 
metrical with respect to »=0 and that the number of 
lobes increases with increasing radius of the circle, 
whereas the width of the principal lobe decreases. In 
Fig. 3 the number of lobes, 1, is plotted as a function 
of the ratio of the radius of the circle, p, to the wave- 
length }. The maximum value of the fully developed 
lobes in the half-plane 0<v<7 is shown in Fig. 4, where 
the principal lobe is denoted as number 1. 

The width of the principal lobe may be measured by 
the angle a between the two zero-directions confining 
this lobe or better by the angle 6 between the two direc- 
tions for which the array characteristic assumes 1/v2 
of its maximum value. The angle a is determined as the 


ee 





7 _ ‘ 2 s Cd wo 


i 


Fic. 5. The angle a between the two zero directions confining 
the principal lobe in the horizontal pattern of the array char- 
acteristic of a directive ring aerial with the principal direction in 
the horizontal plane for s= ©, and the angle 8 between the two 
directions for which the array characteristic is 1/v2 of its maxi- 
mum value, plotted as functions of p/d. 
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) =225°/8 
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276" 
9 =315°/8 


Fic. 6. The horizontal pattern of the array characteristic of a directive ring aerial with the principal direction in the horizontal 
plane and with p/A=0.5 and s=8 for the values of the principal direction ¢, indicated in the figure. The position of the antenna system 


is fixed. 


smallest root in the equation 
J o(2kp sin(a/4))=0, 


whereas the angle @ is determined as the smallest root 
in the equation 


J o(2kp sin(B/4)) =1/v2. 


The angles a and £ are plotted in Fig. 5 as functions 
of p/X. 

Let us now return to the general case where the 
number of antennas, s, is finite. Since the array char- 
acteristic for horizontal directions, as appears from the 
expressions derived above, is a function of not only 
¢— ¢o but also g+ ¢o, the horizontal pattern will change 
its shape when the principal direction is rotated by 
adjusting the current phases in the way prescribed 
above. From the above derived expressions it is seen 
that the absolute value of the array characteristic, |G|, 
in the case of s even will have the period in go, 27/s, 
whereas in the case of s odd it will have the period 
m/s. Consequently, we need only investigate |G| for a 
variation of go in an interval of the length 27/s and 
m/s for s even and s odd respectively. 


NUMERICAL EXAMPLE 


The theory developed above will be illustrated by a 
numerical example. We consider a ring aerial with the 
principal direction in the horizontal plane and with 
p/X=0.5. For eight antennas in the array, i.e., for s=8, 
and for the principal directions go=0, 45°/8, 90°/8, 
-++, 315°/8 the horizontal pattern of the array char- 
acteristic is plotted in Fig. 6. In these diagrams the 


antenna array is fixed whereas the principal direction 
rotates as indicated. The figure shows the continuous 
deformation of the horizontal pattern caused by the 
rotation of the principal direction. The period is seen 
to be 360°/8=45° in accordance with the theory. 

The horizontal pattern of the absolute value of the 
array characteristic is calculated for s=5, 6, 7, 8, and 
9. In the case of s even the pattern is calculated for 
¢go=0, 90°/s, 180°/s, and 270°/s, and in the case of s 
odd for go=0 and 90°/s, the pattern for go=180°/s 
in this case being identical with that for g:=0 and the 
pattern for gp=270°/s identical with that for g=90°/s. 
The results are plotted in Fig. 7 where the horizontal 
pattern of the absolute value of the array characteristic 
is plotted as a function of the angle, v, between the 
direction g and the principal direction go. Conse- 
quently, in the diagrams in Fig. 7 the principal direction 
is fixed, whereas the array rotates; this way of pre- 
senting the results makes it easier to compare the 
various diagrams. 

It is impossible to account for the difference between 


. a horizontal pattern corresponding to certain values of 


s and gp and the horizontal pattern corresponding to 
s= by a single number. But a consideration of Fig. 7 
gives the following result. In the case of only five 
antennas, the deviations of the horizontal pattern from 
the pattern corresponding to s= are so large that 
the minor lobes are of the same order of magnitude as 
the principal lobe. No improvement is obtained by 
increasing the number of antennas to six, for the 
deviations from the ideal pattern are of approximately 
the same magnitude as in the case of only five antennas. 
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Fic. 7. The horizontal pattern of the array characteristic of 


the figure. The position of the principal direction is fixed. 


a directive ring aerial with the principal direction in the hori- 
zontal plane and with p/A=0.5 for the values of the number 
of antennas, s, and the principal direction, go, as indicated in 
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When the number of antennas is increased from six to 
seven the situation is improved essentially, for the 
minor lobes now are essentially smaller than the prin- 
cipal lobe. In the backward direction, however, the 
horizontal pattern diverges considerably from the ideal 
pattern. The horizontal patterns corresponding to 
eight antennas do not approximate the ideal pattern 
better than do the patterns corresponding to seven 
antennas. However, an improvement is obtained again 
when the number of antennas is increased from eight to 
nine. The deviations of the horizontal patterns corre- 
sponding to nine antennas from the ideal pattern are 
of the same order of magnitude as the accuracy with 
which the diagrams are plotted. A similar result is 
found in the case of ten antennas; but the patterns 
obtained in this case are not plotted in the figure. For 
a still larger number of antennas the horizontal patterns 
practically coincide with the pattern corresponding to 
infinitely many antennas. The cases considered here are 
seen to group so that the cases s=5 and s=6 approxi- 
mate the ideal pattern with the same accuracy and 
that the same statement applies to the cases s=7 and 
s=8 and to the cases s=9 and s=10, whereas the ac- 
curacy changes considerably when we pass from one 
group to the next one. 

The numerical example thus confirms that a ring 
aerial of the type considered here and with an odd 
number of elements has a marked advantage over a 
similar ring aerial with an even number of elements. 

Stenzel’ has shown that the side lobes may be con- 
siderably reduced by adding to the ring aerial in ques- 
tion one or more ring aerials concentric with the first 
one. It would be interesting to make an investigation 
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concerning the influence of the number of elements on 
the horizontal pattern of this more complex antenna 
system similar to what has been made here for the 
simple ring aerial. But this investigation is reserved for 
another paper. 


CONCLUSION 


The general expression is derived for the array char- 
acteristic of a ring aerial with an arbitrarily chosen 
principal direction and with a finite number of elements. 
This expression shows that no uniform improvement of 
the approximation of the array characteristic to the 
ideal characteristic is obtained when the number of 
elements is increased, but that ring aerials with an odd 
number of elements are more favorable in this respect 
than aerials with an even number. This was shown by 
Page® for the special case where the principal direction 
is perpendicular to the plane of the circle. The case 
where the principal direction lies in the horizontal 
plane is especially investigated here. A numerical ex- 
ample confirms the above statement concerning the 
superiority of an odd number of antennas over an even 
number. 

This investigation was carried out at the Labora- 
toriet for Telegrafi og Telefoni at the Royal Technical 
University of Denmark, Copenhagen, with a grant from 
Det teknisk-videnskabelige Forskningsrad. I thank 
Professor J. Oskar Nielsen, of the Laboratoriet for 
Telegrafi og Telefoni, for permission to publish this 
paper. Dr. C. Schulman, of the RCA Laboratories 
Division, Radio Corporation of America, Princeton, 
New Jersey, kindly corrected the English translation. 
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In Part I, the theory of nonconservative linear systems of a finite number of degrees-of-freedom is presented. 
An expression is derived for the response of the system to external harmonic forces in Sec. 3. The effect of 
small variations in parameters is obtained in Sec. 4. Section 5 isa discussion of the influence additional degree- 


of-freedom. Part II is concerned with numerical procedure for the calculation of characteristic roots and 
vectors. The results are applied to a numerical example in Part III. 





PART I. THEORY 
1. Introduction 


T is a matter of common knowledge among flutter 
specialists that the airplane is amply endowed with 
degrees-of-freedom. This considerable freedom of mo- 
tion manifests itself in many problems, a number of 
which are included in the expression geroelasticity. On 
the one hand, at the low frequency range one has the 
classical airplane dynamics, whereas at the other ex- 
treme there are high frequency oscillations confined to 
local structure such as in the case of a vibrating skin 
panel. The analysis of any particular problem requires, 
however, the consideration of a number of degrees-of- 
freedom ; and the appropriate selection of these is one of 
the crucial points of the analysis. 

It is by no means clear that the best answer to the 
selection problem would be to consider simultaneously 
a large number of degrees-of-freedom. This procedure 
may suffer from the disadvantage that the physical 
interpretation of the computation is obscured. 

To some extent one has a criterion for selection of 
degrees-of-freedom in a conventional, small deflection, 
vibration problem. For instance, a fixed aileron trim tab 
of natural frequency 2000 cpm would probably have a 
small effect on wing frequencies below 1000 cpm. 
Natural frequencies of the components form an index as 
to the importance of the relative motion of these com- 
ponents in the composite system. 

In the general case in which the three types of forces, 
inertia, elastic, and aerodynamic, act on the system, the 
situation is considerably complicated, particularly by 
the fact that the aerodynamic system of forces is not 
conservative. The usual vibration theory of small 
oscillations no longer holds and the concept of a natural 
frequency is not significant. Certain developments, how- 
ever, can be carried over from the conservative case so 
that it is possible to extend methods! originated to 
analyze the natural frequencies of composite structures. 

The central object in the following investigation is the 
response function, namely, the response of the aero- 
dynamic system under external, harmonic loads. It is 
expected that this function will be of considerable utility 


* Prepared under sponsorship of the Air Materiel Command, 
Dynamics Branch, Contract 33(038) 48-3402-E (1948). 
'H. Serbin, J. Inst. Aeronaut. Sci. 12, No. 1, 108-112 (1945). 


in analyzing the incipient flutter of certain types of 
composite systems. By using the fourier decomposition 
theorem, it will be possible to carry over the results into 
the study of aircraft under the influence of external 
transient loads of general types, a subject of increasing 
importance for large aircraft.” 

The point of view adopted here is that the analytic 
treatment of the problem achieves the simplest and 
most basic form when one starts from the conception of 
virtual work. The element of virtual work dW, due to 


moving a set of generalized forces Q:1, Qe, ---, Qn 
through a virtual displacement dq, dq2, ---, dqn is 
dW = Qidqit+-Q2dg2+ a Siet +0ndQn. (1.1) 


This equation, in fact, defines the generalized forces Qj. 
The utility of the virtual work concept derives from the 
fact that dW is an invariant. The classical theory of 
vibrations under conservative forces is primarily one of 
coordinate transformations, and it is reasonable to ex- 
pect that the invariance of dW under coordinate trans- 
formations will furnish the starting point for a theory of 
flutter generalizing the conventional vibration theory. 

The right side of Eq. (1.1) can be regarded as the inner 
product of two vectors (Q:, ---, Qn) and (dqi, «++, dgn). 
The inner product of two vectors in two or three 
dimensions is proportional to the cosine of the included 
angle, hence, is zero if the vectors are orthogonal. In 
general, for any number of degrees of freedom, two 
vectors with zero inner product are orthogonal. The two 
vectors need not be of the same type as, for instance, is 
the case in Eq. (1.1). 

The present treatment makes use of the flutter type of 
aerodynamic coefficients by considering the behavior of 
the system under a sinusoidal forcing function. The 
motion of the system is separated into two parts, one a 
rigid body motion and the other an elastic deformation 
which is capable of description in terms of the charac- 
teristic modes and frequencies. 

The literature dealing with the analysis of flutter is 
extensive and there are a number of points in which the 
theory below makes contact with existing developments. 
The following analysis may then be considered partly 
expository. The explicit construction of the response 


2A. E. Russell, J. Roy. Aeronaut Soc. 51, 145-170 (1947). 
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function, the perturbation theory,’ and the addition of a 
degree-of-freedom are believed to be new developments. 
2. Equations of Motion 


Consider a point P which is constrained to move along 
a straight line so that its coordinate «x relative to a fixed 
reference point varies sinusoidally with time according 
to 


x= Xo sin(wl+ 4), 
and suppose further that an oscillating force 
F= F) sin(wi+e) 


is applied to the point P. Then the work performed by F 
in the time interval dé is given by 
Fdx= Foxqw sin(wl+ €) cos(wi+ 4)dt, 


and the work over a complete cycle is 


2a/w 
f Fdx= — TF oxo sin(e— 5) 


t=0 
= —79(FZ). 


The symbol 9 means “imaginary part of.” F and x in 
the last expression represent 


F= Foe**, 

x= xe", 
and the bar over the x indicates the complex conjugate 
of this quantity. 

In the general case in which a mechanical system is 
completely specified by m independent coordinates 
%1, X2, ***, x, and is subjected to sinusoidally oscillating 
forces of a given frequency, the work per oscillation 


performed by these loads when moved through a dis- 
placement 41, V2, -**, Yn is 


W=-—75(>,F,9,), (2.1) 


where F;, F2, ---, F, represent the generalized forces. In 
the case of small oscillations about a position of equi- 
librium, the forces F, are linear functions of the coordi- 
nates x and can be expressed in the form 


F,=>. A se%e 
so that the work (2.3) can be expressed by 
W=—7I(d0 1.2 ArsWrXs). (2.2) 


If the system is in equilibrium, it follows from 
D’Alembert’s principle of virtual work that 


r=1,2,--+-,n, 


W=0 for arbitrary y, (2.3) 


3 The author has recently learned of the existence of a similar 
work by van de Vooren, A Method to Determine the Change in 
Flutter Speed Due to Small Changes in the Mechanical System 
gy Aeronautical Research Institute, Amsterdam), Report 
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which is equivalent to the system of equations 
z. 8 A raX3= 0, 


The use of the >°-sign to indicate summation will 
henceforth be dropped, and the summation convention 
that a repeated index will indicate a sum with respect 
to that index will be adopted. Thus, the preceding 
equation will now be written 


A,.x,=0, 


r,s=1,2, +--+, n. 


(2.4) 


r,s=1,2,---,n, 


where the repetition of the subscript s indicates that the 
sum on the index s over its range (in this case 1 to 7) is 
intended. 

Now consider an aerodynamic system undergoing 
small sinusoidal oscillations. In general, there are three 
types of forces (action) on the system, namely, the 
inertia, aerodynamic, and elastic, each of which con- 
tributes to the coefficients of Eq. (2.4). For the present 
purpose it is convenient, however, to break these coeffi- 
cients into two parts 


A rs— W'Ore— Dats 


where w*a,,= virtual work coefficient caused by inertia 
plus aerodynamic forces and —b,,= virtual work coeffi- 
cient caused by elastic forces. 

Equation (2.4) now takes the form 


WO rsXe—b,.X,=0, r=1,2,---, 0. (2.5) 
Dividing through by w’ and setting 
l=w™, (2.6) 
we obtain for Eq. (2.5) 
QrsXs—b,,x,=0, r=1,2,---,n, (2.7) 


' where a,, and b,, are independent of X. 


In practice the aerodynamic parts of the coefficient 
a,, are based on section data for airfoils oscillating at 
frequency w in an air-stream of velocity v and are, 
therefore, functions of the parameter k= wb/v, in which 
b is a reference length. These functions are complex 
valued in general where the phase displacement relative 
to the coordinates results from the wake and virtual 
mass effect.‘ 

The case of a forced oscillation under the sinusoidal 
external forces F,, F2, ---, FP,» leads to the equation,’ 


Wd ,5X,—5,.%,+F,=0, r=1,2,---,n, 


which upon division by w* and the substitution 


w,=—wF,, (2.8) 
becomes 


AreXp— NO, .Xe= Wr, (2.9) 


Equation (2.7) is the homogeneous case. It is solvable 
for x1, X2, -*+, X» With the x’s not all zero if and only if 
the characteristic determinant 


|A—dB| =|a,.—Nbr|, A=(4ys), B=(b,.), 


v=1,2,---,m. 


(2.10) 


4R. D. K4rmdn and Sears, J. Inst. Aeronaut. Sci. 5, 379 (1938). 
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js zero. The roots \ of this equation are the characteristic 
numbers of the mechanical system and can be shown to 
be independent of the choice of coordinates x1, x2, ---, 
%,. The solution x#1=¢1, X2=€2, **+, Xx=€n Of Eq. (2.7) 
corresponding to a particular characteristic root X, is 
called a direct characteristic mode and satisfies the 
equation, 


Ars€s— yb, ,€,= 0. (2.11) 


The flutter problem consists of finding those values of 
v/wb and the corresponding \ for which there is at least 
one positive characteristic number. The critical v/wb and 
the corresponding X define the airspeed and frequency of 
oscillation at (marginal) flutter. The corresponding 
characteristics vector e defines the critical mode. 

Along with Eq. (2.7) consider the adjoint system, 


VrOrs—Ayrbrs=0, s=1,2,---,n, (2.12) 
which has the solution y= f for \=\,: 
frdrs— Xf b,,=0. (2.13) 


The vector f is called a conjugate characteristic mode. 

If the system of forces is conservative, then it follows 
that d,;,=@,,, 6,,=b,,, and the distinction between 
direct and conjugate modes disappears. However, aero- 
dynamic forces are usually nonconservative and the 
theory of linear equations must be extended to cover this 
case. 


3. The Harmonic Response Function 


The following developments will be primarily con- 
cerned with the harmonic response function which is the 
solution of Eq. (2.9) regarded as a function of frequency 
w. This solution is expressed simply in terms of the 
characteristic numbers and modes: 





m .. Ww 
sa > U ) aie, (3.1) 
i=1 Ap—A 


where m= Rank (6,,), \,=Ath characteristic number, 
e*, f*=corresponding direct and conjugate modes, 
g=free body response, and (f*, w)=f1*wit fo*we 
+ a: + f ~~ = 

Equation (3.1) states that the response of the system 
to a set of harmonic forces is the superposition of free 
body and elastic response, the latter being proportional 
to the direct characteristic modes each appearing with a 
coefficient proportional to the work done by the external 
force displaced over the conjugate mode. The quantity 
\.— A appearing in the denominator of the coefficient of 
e* is similar to the frequency term in the usual theory of 
vibration. 

The response of the system to a set of forces Q,(t) 
varying with time may be found using Eq. (3.1). It is 
necessary only to separate the forces Q,(/) into harmonic 
components, apply Eq. (3.1) to each component, and 
then to synthesize the resulting harmonic motions. 


4. Perturbation Theory 


The effect of small changes in the coefficients a,, and 
b,, will now be considered. Regarding the changes as 
proportional to a parameter e, replace a,, and 5,, by 


Ore O ret ie s (4.1a) 
bb rst a. (4.1b) 


The corresponding characteristic numbers and vectors 
will be transformed as 


AA Hed,’ + (- ++), (4.2) 
e’—e’+ ce” +e(---), (4.3a) 
frof+ef"+e(---). (4.3b) 


Then Eq. (2.11) takes the form 
(drs+ dr, )(€.’+ ee,” + oF -) 
ae (A+ ed,'+ ie *\(Ors+ eb,,')(e’+ ee” + ane -)=0. 


Expanding the left side into a power series in € and 
equating corresponding coefficients on both sides of the 
equation, we obtain 


ars€,”— ,b,.€."=0, (4.4) 
(ars€,” ~~ Adres” ) 
+ (ays’€5”— Avbrs'€,”— dy bys€s”) = 0, (4.5) 
etc. ‘ 
Equation (4.4) furnishes no new information, since it 


is a repetition of the definition of e’. Equation (4.5) is 
solvable for e,”” according to Eq. (3.1) iff 


(f’, Ars €s”— Aibrs' 6,” — Ay’ Dr sls”) = 0, 
that is, if 
dy’ = f’A’e’—,f’B’e’, (4.6) 

where A’=(a,,’) and B’=(b,,’).f 

An equation similar to Eq. (4.5) can be established 
for f”, which would also lead to Eq. (4.6). The vector 
f” can be solved by applying Eq. (3.1) to the adjoints of 
(a,;) and (6,,). 


In the particular case in which the matrix B is 
unchanged (B’=0), then we have 


d,’= f’A’e’. (4.7) 


In words, the change in the system of aerodynamic and 
inertia forces a,, will result in a change of the virtual 
work performed by the forces corresponding to the mode 
e’ when moved through the virtual displacement /’. 
This change in work will be equal to the change in \,. 

The terms in Eqs. (4.2) and (4.3) of the seond and 
higher orders in € can also be obtained. However, it is 
possible that the linearized correction term corre- 


t We are using the notation for the “inner product” 


(y, x) =X tyoret — +YnXn. 


If the comma is omitted, read the symbol as the matrix product of 
the one-column matrix y by the one-rowed matrix x. 
t Equation (4.6) is in matrix notation. 
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sponding only to the first power in ¢ will be adequate in 
practical cases to represent the change. 


5. Additional Degrees-of-Freedom 


One of the most difficult problems of flutter practice 
is to assess the effects of an additional degree-of-freedom. 
Normally, this is handled by a new calculation which 
simultaneously considers the additional degree together 
with the original degrees. The considerable increase in 
numerical labor and complication is familiar to all 
workers in the field. 

The use of the response function brings a considerable 
simplification to certain problems of this type. Consider 
the case in which one starts with an aerodynamic system 
in m degrees of freedom and then adds another degree. 
The following assumptions will be made. 

(A) The basic n degree-of-freedom case is completely 
solved, that is, the characteristic numbers and vectors are 
known for all k. 

(B) The additional degree-of-freedom does not introduce 
additional aerodynamic, inertia, or elastic couplings into 
the basic degree-of-freedom case, that is, the coefficients a,. 
and b,, are unchanged for r, s=1, 2, +++, n. 

(C) There are no elastic couplings between the addi- 


tional degree and the original n, that is, 
by n¢1=On41,7=0 (r=1, 2, +++, mn). (5.1) 


(D) There are no free modes in the system, | B| #0. 
Write the system (2.7) in the form 


@,,X,— D,.X,= — Ar, nt+1%n+1 (r, s=1,---, n), (5.2) 
Qn+1, Xet (An41, nt¢i— ABn+1, ati) tny1=P 
(y,s=1,+++,9). (5.3) 


The solution of Eq. (5.2) can be written on the basis of 
Eq. (3.1) in the form 


r= —[e,(f,’, as, nt-1)/(Ay— A) ]*Xn41, 


r=1,2,---,n. 


(5.4) 


When this is substituted in Eq. (5.3), one obtains the 
following relation between the external force P and the 
deflection *n41: 


P/tn41= - (n+, Bef’, as, n+1)/(A»— )] 


+ (n4t, nt-i1— NOn+s, n41)- 


(5.5) 


Under the circumstance that flutter exists, the left 
side is zero. Therefore, flutter can be detected by 
plotting the right side in the complex plane as a function 
of \ and k=wb/v and determining the values of these 
parameters for which the expression is zero. 

The right side of Eq. (5.5) can be regarded as the 
spring constant for the complete system excited in the 
(n+ 1)st degree of freedom by the external force Pe‘**. 
The spring constant is seen to be the sum of several 
terms of which the last is the “spring constant” of only 
the (m+1)st degree (the other held fixed) and the 
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preceding terms are the coupling effects between the 
different modes in the m degree-of-freedom case and the 
(n+ 1)st degree. 

Equation (5.5) leads to a simple criterion to insure the 
absence of flutter. The first term on the right side is a 
sum of terms of the form c/(A,— A), where c is a complex 
number independent of A. When this is plotted in the 
complex plane as a function of the real parameter \, one 
obtains a circle passing through the origin of diameter 
equal to |c/(Imag \,)|, where the symbol | | means that 
the modulus is to be taken. Therefore, the first term on 
the right side of Eq. (5.5) represents a complex number 
falling within a circle of diameter 


D=>D,| Gn41, r€r”| + | fos, n+1| /| Imag X,|. 
Therefore, if 


(5.6) 


| Ont, nt-1— ADn41, n+1| > D, 


(5.7) 


flutter cannot exist (at the corresponding value of 
v/wb). The expression inside the brackets on the left 
side is represented by a straight line in the complex 
plane, and the modulus is always greater than the 
length of the perpendicular from the origin to the line. 
In the particular case in which bn41,n41 is: real, this 
length is @n41, n41, So that flutter will be avoided if 


| Songs, ny1| >D. (5.8) 


In the more general case in which bn;1, n41 is complex, 
write @n41, n41 ANd bn+1, n41 in the complex form: 


nyt, n-1=ait+ 1a2, 
bn+t, n+1> bi+ ibs, 


where i is the imaginary unit. Then Eq. (5.8) should be 
replaced by 


| a;bo— aed, | /(62+ b.?)-!> D. (5.9) 


The diameters of the circles on the right side of Eq. 
(5.6) are finite numbers in general because the X, are 
generally complex. In the case where \, is real, there will 
be a flutter condition in the basic » degree-of-freedom 
case. 

Another example in which a degree-of-freedom is 
added, where, however, assumption (B) is not valid, is 
the case in which the mass m is attached to the system. 
More generally, suppose that the mass is attached 
elastically to the system at the point P and let the fre- 
quency of the mass on its suspension be wo. Make the 
assumption : 

(E) There are no aerodynamic forces introduced by the 
additional degree-of- freedom. 

Now separate the basic system and the sprung mass 
at the point P. Let x' represent the coordinate of the 
spring in the direction of expansion, and let F be an 
oscillating force applied to the sprung mass at P. Let x 
represent the deflection of the basic system measured in 
the opposite direction from x', and let there be applied 
to the system at P the sinusoidal force F but oppositely 
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directed. Then there are suitable constants (real) such 
that 


t= 0X + QeXe+ w+ + anXn, (5.10) 


where *1, X2, -* +, x, can be found from Eq. (3.1). On the 
other hand, looking at the sprung mass, we have 


F=x)mw?/(1— we? w?). (5.11) 


Since the consistency of the structure requires that 


x+a'=0, 
it follows that 
x+ F(1— w?/w?)/may?=0. 


The force F can be conveniently chosen as a unit force, 
so that the equation becomes 


X+ (1 — wo?/w?)/mw?=0. (5.12) 


In particular, if wo is infinite corresponding to a rigid 
attachment, then it follows that 


x—1/mw?=0. (5.13) 


Equations (5.12) and (5.13) can be used to design 
mass balances to maintain flutter at predetermined 
speeds. 

Consider the elastic attachment of two masses m, and 
m, With natural frequencies wo; and wo: at points P; and 
P2, respectively. Let x,.(r, s=1, 2) be the deflection of 
the structure at point P, due to unit oscillating load at 
P,. The relation between the force F, and the deflection 
x,' of the sprung mass m, is in accordance with Eq. 
(5.11): 


F=x,'m,wor?(1—w;?/w?). (5.14) 


The deflection at P, due to the reversed forces F, 
applied to the structure is 


tri \+X2F 2. (5.15) 
The consistency of deformation requires again that 


CrP +X 2Fo+x)= 0, 





whence 
tnF y+ Xp2F e+ (F,/m,w,?)(1 — wo,?/w*) =0 
(r=1,2). (5.16) 
The values of v/wb and w for which the determinant 
1 wor? 
Xut ( i— —~) X12 
my " w? 
= 
1 woo" 
X21 ty b- 
Mow?" w 








establish the flutter point of the composite system. 
PART II. METHODS OF CALCULATION 
1. Introduction 


The purpose of Part II is to show how the relations 
developed are to be translated into numerical procedure. 


In Part III, an application to a specific example is 
made. 

It is considered desirable to reduce as many as possible 
of the numerical operations required by the theory to 
matrix operations, more specifically to operations with 
real matrices. A matrix with complex elements can be 
written in the form A+7B with A and B real matrices. 
If to each such matrix one associates the following one 
of double the number of columns and double the number 


of rows 
A —-B 
( ) (1.1) 
B A 


A B 
(“,.,) (1.2) 
—B-A 


then this correspondence will be preserved under multi- 
plication, addition, and subtraction. Therefore, all such 
operations can be performed on the complex matrices 
using either one of the equivalent real forms (1.1) or 
(1.2). 

Let 


or, instead, 


A=(d;.), B=(b,), 
A+B=(c,,), 
A-B=(d,,). 
A numerical check of these operations is 
Dee Ort Qs bre= Le Cray 
Des Ors(Doe bat) = Doe Cre. 


2. The Direct and Conjugate Modes 
Consider the equation 
Dx—drx=0, (2.1) 


where D is a square matrix of order m and x a column 
matrix of order m. One practice for finding the direct 
characteristic mode x is to form the sequence of vectors 
x', x*, a3, ---, where the first vector x! is arbitrarily 
chosen and the succeeding vectors obtained by iteration: 


Dx*—x"'=0, n=1,2,-->. (2.2) 


If the sequence of vectors so obtained converges (except 
for a multiplicative constant) to a vector e', then e! isa 
direct mode. The ratio of the components of x"* to the 
corresponding components of x" will then converge to 
the corresponding characteristic value \;. Similarly, the 
conjugate mode y which satisfies the equation 


where y is the representation of the vector as a single- 
row matrix, can be found by forming the sequence yy” 
iteratively according to 


y*D—y™!=0, (2.4) 
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If the iterations (2.2) and (2.4) would converge for 
every choice of the initial vector x' and y', then this 
would be true if the initial vectors x! were chosen as the 
columns of D and the vectors y' the rows of D. Hence, in 
the case of convergence, the direct mode e! is the com- 
mon limiting vector of the columns of Dr and the 
conjugate mode f' is the common limiting vector of the 
rows of Dr. Hence, it follows that 


Dr- r- | (fi', lie fn"), (2.5) 
oi 


é,') 


where convergence is to be understood in the sense that 
two vectors differing only by a scalar multiple are to be 
considered identical. 

Equation (2.5) suggests that the direct and conjugate 
characteristic modes be obtained by forming a high 
power of D, say Dr, and obtaining the common column 
vector and the common row vector. When normalized, 
these will be the vectors e! and f', respectively. 

In the case B= U, the normalization condition (A8) 
(see Appendix) is 


frert fest +++ +fnen=1; 


that is, the sum of the terms on the main diagonal of the 
product matrix 
1 


(fils ++ fn) 
é,! 
is unity. Hence, it follows that 
(e,! 


Dr 


lll = TD’ 





(2.6) 
en! 


where 7r(Dr), called the “trace of D",” represents the 
sum of elements on the main diagonal. 

The considerations above are based on the assumption 
that the iteration process does converge. It is known that 
convergence will take place if there is only one charac- 
teristic value of largest modulus. On the other hand, 
there are important cases where this requirement would 
not be satisfied. For instance, consider the case where D 
is a real matrix with complex characteristic values. 
These must occur in pairs of conjugate complex num- 
bers ; hence, there will be at least two of largest moduli. 
Still another case where convergence can obviously not 
occur is where D represents a rotation. 

The matrix D in flutter depends on v/wd ; and it seems 
likely, particularly where a large number of degrees-of- 
freedom is considered, that for some value of the speed- 
frequency v/wb the moduli of two characteristic values 
will coincide. If v/wb is chosen close to such an excep- 
tional value, then convergence may be difficult to obtain. 
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3. Characteristic Values 


When the direct and conjugate modes e! and f! are 
known, the characteristic value \; can be obtained by 
applying Eq. (A8): 


= fide. (3.1) 


4. The Response Function 


The response function, Eq. (3.1), Part I, for an 
arbitrary vector w can be obtained using the forcing 
vector w and the conjugate modes f. 


5. Flutter in (n+1) Degrees-of-Freedom 


The condition for flutter in (w+ 1) degrees-of-freedom 
is obtained by setting the right side of Eq. (5.5), Part I, 
equal to zero. The terms of the form — a,/(A,— A) can be 
transformed by writing 


A,=a,+1b,, 
=—(a,—))/b, (6,40), 
where a,, b,, and ) are real, so that 
—a(Xy— A) = (a,/by)(E—1) +. 


The values of 1/(—7) lie on a circle of unit diameter 
passing through the origin. 

The term (@n41, n41—AOn+1, n41), A real, is a straight 
line in the complex plane. Hence, the quantity P/x,,, is 
readily constructed as the locus of sums of vectors 
traversing either circles or a straight line. In the ex- 
ceptional case where b, is zero, the circle degenerates 
into a straight line. 

For the particular v/wb for which the curve P/xn,; 
passes through the origin, flutter will exist and for that 
value of \ at which P/x,,; is zero. For other values of 
v/wb, the zeros of Eq. (5.5), Part I, are complex. This 
suggest that one consider P/x,+1 as a function f(A) of A 
with \ complex. 

Since f(A) is a rational function of A, then f(A) is 
analytic. Consider f(A) for \ near Xo and expand f(A) 
into a Taylor’s series: 


F(A) — fro) = Cx(A— No) ®Ce¢1(A— Ao) FI + + +, 040. 
Hence for sufficiently small | A— Xo], one obtains 
SO) —fo)=cx(A— do) *. 


As \ traverses a small circle in the \-plane around A=)o 
in the counterclockwise direction, f() will move around 
f{(Xo) counterclockwise exactly k times. (Except for a 
finite number of points, & will equal unity.) One ex- 
presses this by saying the f(A) effects a mapping of \ 
into the f(A) plane which preserves orientation. There- 
fore, by considering the curve f(A), \ real, and the rela- 
tion of the curve to the origin, the orientation property 
will show on which side of the curve f(A) the \’s with 
positive imaginary part will be transformed. Thus, in 
the illustration of Fig. 1, the zero of f(A) is in the square 
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in the A-plane which borders on the line segment 12; 
hence, it has positive imaginary part. 

Another useful property of f(A) deriving from its 
analyticity is that df/d\ at A= Xo is independent of the 
manner in which \ approaches Xo. This means that the 
transformation \—>f(A) is locally isotropic and carries 
small squares into small squares in the f(A)-plane. In the 
case shown in Fig. 1, the magnification can be obtained 
by comparing the lengths of the segments 12 in the two 
planes and then used to approximate the complex \ 
which transforms into the point f(A) =0. In this way the 
complex zeros of f(X) with small imaginary parts can be 
evaluated. 


PART III. EXAMPLE 


1. Data and Calculations 


The simple example discussed in the present part is 
the two-dimensional, three-degree-of-freedom case dis- 
cussed by Theodorsen and Garrick.’ In the notation of 
Smilg and Wasserman,® one obtains 


u=1/x=4.00, r?= 0.0012, 
a=—0.4, (w1/wa)?=76; 
a= 0.2, (wa/wn)?=$, 
r.°=0.25, 2b=12 ft, 
c=0.6, ®a=90 radians/sec, 
xg=0. 


The first part of the analysis below deals with the 
bending-torsion subcase, and the results are applied to 
the bending-torsion-aileron case. The following coordi- 





0.3323 


| 4.8538 —0.88387 
A= 1.3718 


1.2146 -+0.0884i 


— 1.50657 
— 0.68271 


A -plone 




















-2 -1 ° +1 +2 


f(A) - plane 














Fic. 1. The transformation A—f(A). 


nates are used: 
x,= deflection at the elastic axis, 
x2= angle of inclination of the airfoil, 
x3=aileron angle. 


The calculations below are made for the parameter 
v/wb=0.83. When the conjugate degrees of freedom are 
chosen the same as the direct degrees (i.e., x1, x2, x3), the 
aerodynamic-plus-inertia matrix A is 


— 0.40325 — 0.183051 
— 0.21653 —0.19088: | . 


0.022290—0.0056187 0.018219—0.0376811 —0.00715—0.018067 


The elastic matrix B is 





0.250 0 0 
B=; 0 1.000 0 
0 0 0.00045 


In the two-degree-of-freedom subcase (x, x2), the 





(19.4152 —3.5352i 
1.2146 +0.0884i 


1.3292 


— 6.02601 
1.3718 —0.68271 





conjugate degrees of freedom are now chosen as the 
generalized forces: 
X,=0.250x, 


X= 1.000x2; 


and the aerodynamic-plus-inertia matrix now is 


— 1.61300 —0.73220i | 
—0.21653 —0.190882 | 


. 0.022290—0.0056187 0.018219—0.037681i —0.007147—0.018058:i 


which will henceforth be denoted by A. The elastic 
matrix takes the form 





1 0 0 ) 
B=|0 1 O |. 
0 0 0.00045) 


* Theodorsen and Garrick, Mechanism of Flutter, a Theoretical 
and Experimental Investigation of the Flutter Problem, NACA TR 
685 (1940). 

*Smilg and Wasserman, Three Dimensional Flutter Analysis, 
AAF TR 4798. 





In the two-degree-of-freedom subcase, we obtain the 
first characteristic mode by forming a high power of 


“eames saaeiil 
- 1.2146+0.0884i 1.3718—0.6827i/" 


. "seepanao Brienne - 
~ \0.01686—0.06221i — 0.01703 —0.013117 
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Fic. 2(a). Characteristic root \,. 
The common column vector Vz=(Vii, Viz) is pro- 
portional to e': 
° 
REAL 


1 
v.=( ). 
0.0638+-0.0161: 


The common row vector Vy=(V 1, Vy2) is proportional 
to fi: 


V,=(1, 0.1272—0.3083i), 
A= V,AV,/(V,, Vz) 
= 20.24 7 —12° 15’/1.013 7 —1°, 
= 19.98 7 —11° 15’=19.60—3.90i, 
1 “monseeanes 0.1309—0.3020i ) 


 Tr(A8)  \0,0626+-0.0170% 0,0132—0.0172i 





The column vectors of U—P, are orthogonal to, 
and therefore are, scalar multiples of a single vector 
x? = (x7, x2”): 


, ( cam 
= : 
— 0,0626—0.01707 


Similarly, the rows of U—P, are scalar multiples of 











Fic. 2(b). Characteristic root As. 


y?= (yi, 2”): 
y?= (0.0132—0.0172i, —0.1309+-0.30201) ; 
and x? and y? are scalar multiples of e? and f?, re- 
spectively : 
= A2*/ (9, 2") 
= 0.0262 Z —67°29’/0.0216 Z —52°20’ 
= 1.21 Z —15°9’=1.17—0.32i. 
As a numerical check, compare \;+ Az with Tr(A): 
Art A2= 20.77 — 4.223, 
Tr(A)=20.79—4.22i. 
This calculation has been repeated for several values 
of v/wb and the characteristic values \ plotted in Fig. 2. 
To obtain the flutter characteristics of the three 


degree of freedom case, one calculates the terms on the 
right side of Eq. (5.5) for n=2: 


(Gn4i, Cr!) (felde, not) = Las, Var ]*[Pye0e,3]/(vy, 02)= 
(0.02527 Z — 17° 49’)(1.83391 Z — 157° 55’)/1.013 Z —1°=0.0457 Z — 174° 43’, 
(n+, rer”) (fos, not) = Lda, Xr” ]-Ly.7as, 3 ]/(y*, x”) 
= (0.00224 Z 134° 49’) (0.05668 Z — 23° 12’) /0.216 Z—52° 20’ 


= 0.00602 Z 164° 58’, 


f(\) = — (0.04574 Z — 174° 43’/19.60—3.90i— dr) — (0.00602 2 164° 58’/1.17 —0.327— ) 


+ (—0.007147—0.018058—0.00045)i/2. 





lues 


1ree 
the 


° 20’ 
58’, 


id. 





AERODYNAMIC SYSTEM UNDER EXTERNAL HARMONIC FORCE 


Figure 3 is a plot of f(A) for \ real. The aileron is seen to 
couple more strongly with the second mode in the sense 
that the response function is closest to zero for values of 
\ of the order of magnitude of R(A2). The second mode 
is predominantly torsion so that one can say that in the 
three degree-of-freedom case, aileron deflection is 
strongly coupled with wing torsion. 

The imaginary part of \ can be readily estimated by 
scaling the closest distance from the f(A) curve to 
establish the local scale factor. One obtains, for 
»/wb=0.83, 

Imag pt A=+0.002. 


Comparison of the curves show that the response 
function has crossed the origin. One obtains in this way 
a crossing at v/wb=0.82, A\=1.08, which compares 
favorably with the corresponding values v/wb=0.875, 
\=1.06 reported in reference 5. 


APPENDIX. DERIVATION OF RESPONSE FUNCTION 


The homogeneous Eqs. (2.7) and (2.12) may be written in the 
form of matrix equations: 


(A—dB)x=0, (A1) 

y(A —AB) =0. (A2) 
Write the nonhomogeneous Eqs. (2.9) in the form 

(A—)\B)x=w. (A3) 


Here x and w represent matrices of one column and y a matrix of 
one row. 

Let A, represent a characteristic root, and let e/ and f/ represent 
corresponding characteristic vectors which are solutions of Eqs. 
(Al) and (A2), respectively. From the definition, one obtains 


(A—A;B)ei=0, f*(A—XB)=0, j,k=1,2,---. (A4) 
Hence, it follows that 
f*(A—A;B)ei=0, f*(A—A,B)ei=0. (A5) 


Subtracting Eqs. (A5), one obtains 
(An — Aj) f* Bei =0. 
Therefore, if \4z2,, it follows that 


f*Bei=0, AcH¥)d;j. (A6) 
and from (A5), 

ftAei=0, AcHFd;j. (A7) 
We shall assume for the moment that (a) there are m charac- 
teristic roots \; and that they are all distinct and (b) f/Be’ #0, 
j=1, 2, ---, mn. By suitable normalization, it follows that there are 
n direct characteristic modes e/ and m conjugate modes f/ such that 
ftAei=djbxj, f*Bei=5xj, 

where 5;; is the Kronecker delta. 


(no summations), (A8) 
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Fic. 3. Aileron response function P/8 (v/bw=0.83). 


Now consider the solution of the nonhomogeneous Eq. (A3). 
Assume that every x may be written as a linear combination of 
the e/, 


— fe. (A9) 
im1 


Substitution into Eq. (A3) followed by left multiplication of f* 
gives 


f*(A—2dB) & Ejei= f*w. 
From the orthogonality relations (A8), one obtains 
(An—A)ER= f*w. 
Solving for £ and substituting into (A9) gives 
x= Z[(f*w)/(Ax—d) Jet. (A10) 


In the more general case in which Eq. (A9) does not hold, it can 
be shown with several additional assumptions that 


a= > Ejei+, 


pnt 


(A11) 


where m(<n) is the rank of matrix B and g is a mode which de- 
velops no potential energy (called a free mode). That is, in matrix 
terminology, we have 





Bg=0. (A12) 
The solution of Eq. (A2) then takes the form 
x= 2 ~ ek+g, (A13) 
km-1 AR—A 


where g is the free body response to the external force obtained by 
solution of 
LD’ AreXe= Wr, 


(A14) 


where 2’ indicates summation over the free modes of x1. x2, «++, Xn. 
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The Susceptance of a Thin Iris in Circular Wave Guide with the 7M), Mode Incident 
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Certain wave-guide boundary value problems can be formulated in terms of lumped-constant circuits and 
distributed-constant transmission lines. Equivalent circuit voltages and currents can be introduced as 
measures of the transverse electric and magnetic fields. Making use of these concepts and Schwinger’s 
integral equation method, the susceptance of a thin circular iris in circular cylindrical wave guide with the 
TM. mode incident is discussed and calculated. Results are compared with experimental data. 





INTRODUCTION 


. i impedance concept has been employed in a 
number of analyses treating obstacles and dis- 
continuities in wave guides and parallel-plate trans- 
mission lines.'~> The results are usually cast in such a 
form that the behavior of dominant mode fields in 
regions remote from the obstacle or discontinuity can 
be predicted by considering a distributed-constant 
transmission line and a lumped-constant network. In 
the case of an obstacle placed in an otherwise uniform 
wave guide, the wave guide may be represented by a 
single transmission line and the obstacle may be repre- 
sented by a four-terminal network. Marcuvitz has 
generalized this approach to the case of NV intercon- 
nected wave guides and a 2N terminal network.‘ 
Schwinger’s integral equation method enables one to 
evaluate the parameters of the obstacle network. 

In practice, the guide cross section is usually arranged 
so that only one mode known as the dominant mode 
propagates, the remaining modes being damped expo- 
nentially or not excited. The introduction of an obstacle 
in a guide of otherwise uniform cross section gives rise 
to such modes as are necessary to satisfy boundary 
conditions on the obstacle. If all excited modes except 
the dominant one are exponentially damped, the de- 
tectable energy at points along the guide sufficiently 
remote from the point of excitation is entirely in the 
dominant mode. In practice, “sufficiently remote” im- 
plies a distance of the order of a wavelength. 

The dominant-mode transverse electric field may be 
represented by a transmission-line voltage and the 
dominant-mode transverse magnetic field may be repre- 
sented by a transmission-line current. Marcuvitz points 
out that, although the circuit relations here involved 
appear analogous to low frequency circuit relations, 


1S. A. Schelkunoff, Quart. App. Math. 1, 78 (1943). 

2 J. R. Whinnery and H. W. Jamison, Proc. Inst. Radio Engrs. 
32, 98 (1944). 

3J. S. Schwinger, “Notes on lectures by Julian Schwinger”’ 
(unpublished). 

4*N. Marcuvitz, “Wave guide circuit theory: coupling of wave 
guides by small apertures,” Polytechnic Institute of Brooklyn 
Report No. R 157-47, PIB-106. 

* John W. Miles, Proc. Inst. Radio Engrs. 34, 728 (1946). 


a distinction must be made.® In the type of problem 
being considered presently, the voltages and currents 
are measures of the “far” electric and magnetic fields; 
in low frequency problems, the voltages and currents 
are measures of the surface values of electric and mag- 
netic fields in the immediate vicinity of the discon- 
tinuity structure. In both cases, however, the quantities 
represented are those most readily measurable. 

The analysis at hand will be developed in the follow- 
ing order—using mks units. The mode functions which 
describe the electromagnetic field in a hollow uniform 
circular metal cylinder will be discussed and only the 
transverse fields will be utilized henceforth. Next, the 
modes generated by the introduction of a thin metal 
iris will be considered. The problem will then be re- 
duced to one of a single dimension by defining voltages 
and currents to represent dominant-mode transverse 
electric and magnetic fields. After discussing the form 
that the network representing the iris must take, the 
problem will be formulated first in terms of boundary 
conditions in the aperture and second in terms of 
boundary conditions on the iris. Each of these formula- 
tions leads to a result. The first leads to an upper 
bound for the iris susceptance; the second leads to a 
lower bound for iris susceptance. Finally, the analytical 
results will be compared with results obtained experi- 
mentally. 

In a hollow metal circular cylinder the TE, mode 
has the lowest cut-off frequency. The T7Mo: mode has 
the next lowest cut-off frequency. The TE, mode is 
usually considered to be the dominant mode; however, 
if the geometry of the exciting terminal of a circular 
wave guide has proper symmetry, the TE,, mode will 
not be excited and the 7M may be termed dominant. 


FIELDS IN A HOLLOW CIRCULAR METAL CYLINDER 


Upon assuming the time variation of the electric and 
magnetic fields in a medium of constant permeability g, 
dielectric constant ¢ and zero conductivity to be deter- 
mined by a factor e**', where j=/—1, it follows im- 
mediately from Maxwell’s equations that the electric 
field E and the magnetic field H must satisfy the vector 


6 See reference 4, p. 3a. 
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SUSCEPTANCE OF A THIN 
wave equation 
V°7E+k2°E=0 (1) 
V*H+ *H=0, (2) 


where k?=w*ye and k is the phase constant of free 
space, w being the angular frequency. If wave propaga- 
tion in a z direction only is to be dealt with, the z de- 
pendence of the fields may be expressed in a factor 
et?? where y is a complex propagation constant, 
y=a+j8, a being the attenuation constant (which 
vanishes for lossless media and boundaries) and 8 
being the phase constant; a and £ are positive numbers. 
The minus sign indicates transmission in a plus z 
direction; the plus sign indicates transmission in a 
minus 2 direction. 

If the wave equations (1) and (2) are solved subject 
to the boundary condition that a conductor of infinite 
conductivity be at r=a (see Fig. 1), an infinite or- 
thogonal set of solutions or mode functions will be 
found. These solutions are well known. 

Only the transverse component of these solutions is 
of interest’ and is designated by ®e?“*-7* where 


= 11¢,+ 9id0, (3) 
® is a solution of the vector wave equation. 
V°@+ (k?+ y?)®=0. (4) 


Solutions to the wave equation fall into two classes, 
one being termed transverse electric (TE), the other 
transverse magnetic (7M). Propagation in the TM 
modes is characterized by 


k?— B inn? = (Pmn/a)? (5) 


where pm» is the nth root of J,(x). The total transverse 
field that can exist in a wave guide of uniform cross 
section can be expressed as a sum of mode functions 


E(r, 6, Z, t) =Dimn Cun@un exp[j(wltBmnz) J, (6) 


where Cm» is an amplitude factor associated with the 
mnth mode. 

If the radius of the wave guide is fixed at a value 
which permits only the T£,; and the 7M modes to 
propagate and if, in addition, the method of excitation 
is such that the TE; mode will not be set up, only the 
TM mode will exist in a guide of uniform cross section. 
This mode is axially symmetric having radial electric 
lines of force and axially concentric magnetic lines of 
force. It will be referred to as the dominant mode. 

If an obstacle is introduced into a wave guide in 
which the dominant mode is propagating, other modes 
will be excited. The fields at any point (except perhaps 
in the section occupied by the obstacle) may be de- 
scribed by (6), the amplitudes of the new modes being 
determined by that of the incident dominant mode and 
the nature of the obstacle. The incident wave causes 
current to flow in the obstacle, and new electric and 


See reference 5, p. 729. 
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Fic. 1. Wave-guide coordinate system and iris. 


magnetic fields are created to satisfy boundary con- 
ditions. 

In general, the modes excited by an obstacle will be 
of both the 7M and TE types. However, if the obstacle 
is an infinitely thin, perfectly conducting, planar, axially 
symmetric iris with a circular aperture (see Fig. 1), 
only axially symmetric modes with no angular com- 
ponent of electric field will be excited. The excited 
modes will be axially symmetric because the TM 
electric exciting field and the geometry of the iris are 
independent of the angular variable @. They will have 
no electric component in the 6; direction because there 
is none in the exciting field. In view of these considera- 
tions, an examination of the uniform-guide solutions 
which occur throughout the literature will show that 
only TMo, waves can exist. The mode functions which 
are reproduced here for convenience will then have the 
following form: 





; . a Pon ss 
E-= jt —Sif r) exp[_j(wl+ Bonz) |, 


Pon a 


Ee=0, 


Pon 
E.= 1(*r) exp[_ j(wl+Bonz) J, 
a 


(7) 
H,=0, 


a Pon 
Hy= jwe( —)r4( **r exp[_ 7(wt+ Bonz) |, 
Pon a 


H,=0. 


TRANSMISSION LINE CONCEPTS AND 
EQUIVALENT CIRCUIT 


The transverse electric and magnetic fields for each 
mode can be represented by a voltage and a current re- 
spectively on an equivalent distributed-constant trans- 
mission line having the phase constant of the mode 
represented. Let a transmission line voltage V m»(z) and 
a transmission line current J,(z) with positive direc- 
tions as shown in Fig. 2 be defined in terms of the 
transverse electric field E,,,, and a transverse magnetic 
field H,., by the following equations: 


Enn(r, 0, 2, 1) =AV mnlZ, 1)Pmn(r, 9), (8) 
Hnn(r, 9, 2, 1) = BI mn(Z, )21X Omalr, 9), (9) 
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Fic. 2. Shunt element representing an iris. 


where A and B are arbitrary constants. Note that the 
voltage Vmn is proportional to the amplitude of the 
transverse electric field of the 7M,,, mode and that 
the current J, is proportional to the amplitude of the 
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axially symmetric iris on the dominant mode transverse 
fields by representing it on the equivalent line by a 
shunt susceptance. This equivalence is a consequence of 
the fact that the iris is planar, is of infinitesimal thick- 
ness, and is lossless. 

Miles has derived expressions for the susceptance of 
an infinitely thin iris at the junction between two 
cylindrical guides of arbitrary cross sections and cast 
them in a form used by Schwinger. 

The expressions for the value of this susceptance are 
obtained by substituting the correct quantities for the 
TM. case in Mile’s expressions. Use of his expression 





transverse magnetic field of this mode. 


(34)8 yields the result below, in which G(r) represents 
It is possible to take into account the effect of a thin 


the field in the aperture. 





2 





oa 1 ro 
28] :7(po01 J (pont d 
BI%p 2 eee | J rou /ay8(nar] 


Be= : _ (10) 
| f rJ(our/a) (er 


Since the right member of (10) is positive, Bg is capacitive. Schwinger has shown that an expression of the form 
of (10) is stationary with respect to arbitrarily small variations of € about its true value. Further, he has shown 
that if € is assumed to be any function of r whatsoever, the value of Bg resulting will always be greater than the 
true value. 

Computations have been made assuming € to be a two-term power series and the findings plotted against experi- 
mental data in Fig. 3. These results will be discussed later. Next, an integral equation associated with a lower 
bound for susceptance will be formed. Use of Miles Eq. (53) yields the expression for susceptance below in terms of 
K(r), the current on the iris. This equation gives a lower bound to the true value of susceptance. 


J1?(po1) © [(pon/a)?—k? {pf p* 
rK(r)J\(ponr/a)dr 
1 28 z, J 1?(pon) LS ecieasaian | 


Br a 2 
lf rK (Is puro] 
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CALCULATION OF SUSCEPTANCE-ASSUMING ELECTRIC FIELD IN THE APERTURE 


To obtain an expression from Eq. (10) from which numerical values of B may be calculated, a function &(r) may 
be assumed. A function ©(r) has been selected which will yield accurate values for B for large apertures—without 
excessively tedious calculation. 

Inspection of 7M», mode functions reveals that all transverse electric fields vanish at r=0. A field given by 


G(r)= >> Aw?™! m=1, 2, 3,--- (12) 
m=1 


will satisfy this requirement and leads to expressions easily integrated. Equation (10) then becomes 





_ 1 [ ro eo 2 
2p]: J i(pon Anr?ld 
AI Moo) pag J, alone!) E Aww 4 
Be= ; (13) 


ro o 2 
lf rJ (poir/a) > An -'ar| 
0 m=) 





® See reference 5, pp. 732, 734. 
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To simplify notation, quantities may be defined as follows 


Zs 1 
Dnp= Dyn= 28] 1?(po1) 2. 





r0 
Cum f 7J \(ponr/a)r?™—dr. 
0 
Equation (13) then becomes 


Ds A 


p,m=1 


; CA -| 
m=1 





BE= (13a) 


This may be written 


Be & CyCmApAm= ¥ DypmApAm  (13b) 


p,m=1 p,m=1 


The requirement that Bg be stationary with respect to 
arbitrarily small variations of ©(r) means that the 
derivative of Bg with respect to any of the coefficients 
A, must be zero. Differentiating and using this fact, 


Be >, CLuAp= > DymA>p- (16) 
p=1 p=1 


Transposing and collecting, 


«a 


Y A,(Dym—BeCnC p)=0. (17) 


p=1 


This is an infinite set of linear homogeneous equations 
in the unknown expansion coefficients A». In order for 
a nonzero solution to exist, the determinant of coeffi- 
cients must vanish. 

Since this resulting equation is linear in Bg, Bg has 
one and only one value. Because of the stationary 
character of Be with respect to G(r), the error in Bg 
produced by an incorrect field function will be pro- 
portional to the square of the difference between €(r) 
and the correct field function. This speeds calculation 
if the values assumed initially for ©(r) are much in 
error. 

If the determinant is solved for Bg—assuming that 
all coefficients of (12) except the first are zero, 


Be=Dy/CY’. (18) 


If the determinant is solved for Bg—assuming that all 
coefficients of (12) except the first two are zero, 


Dy/C? 7 D2/C?— (Dy2/CiC2)” 
E= > 
Dy/CP+ D2/C2— 2D 2/CiC2 





(19) 


a anew | | rHiour/ayrrrr| f rIi(our/ayr*=r | (14) 


(15) 





The results of calculations for a particular wave 
guide and wavelength using formulas (18) and (19) are 
plotted in Fig. 3. The wave guide radius is 1.99 cm; 
the air wavelength is 4.5 cm. The agreement between 
calculated values and experimental values is best for 
large apertures. For very large apertures formula (18) 
is of useful accuracy. The details for a calculation of 
one point are tabulated in Appendix I. The experi- 
mental determinations will be discussed in a later 
section. 


CALCULATION OF SUSCEPTANCE ASSUMING A 
FUNCTION PROPORTIONAL TO CURRENT 
ON THE IRIS 


By similar methods the equations below for the lower 
bound of susceptance are found. Equation (20) is ob- 
tained from a one-term current assumption and (21) 
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58 a= 1.99 CM 

\ h= 450M 
2.8 X= EXPERIMENTAL 
2 \ m= ONE TERM FIELD ASSUMPTION 
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- \} 7= ONE TERM CURRENT ASSUMPTION 
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Fic. 3. Relation between susceptance and 
aperture-to-guide radius ratio. 
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TaBLe I. Voltage standing wave ratio measurements and 
corresponding values of iris susceptance for several values of 
ro/a. 

















Reflection 2|R| 
VSWR with coefficient (R) =——__——_—_ 
ro/a load adding corrected for load [1 —|RI2]4 
0.877 1.10 0.038 0.076 
0.745 1.45 0.174 0.354 
0.622 2.60 0.445 0.965 
0.498 7.50 0.755 2.30 
0.445 12.8 0.845 3.15 
from a two-term current assumption. 
1/Br=D,/C? (20) 
1 = Dy /C1?- Do2/C2*— (Di2/C1C2)? (21) 





Br Du /Cr+ Do2/C2?— 2D12/C:C2 


MEASUREMENT OF SUSCEPTANCE 


To obtain experimental verification of calculated 
values, measurements were made on six irises at a 
wavelength of 4.5 cm ina brass pipe of 1.99 cm radius. 

To insure that the energy incident upon the irises 
was almost entirely in the 7M mode, a coaxial-to- 
circular wave-guide transition was constructed with a 
high degree of symmetry. Measurements revealed that 


TABLE II. Evaluation of quantities D,, etc. 
for various values of ro/a. 











ro/a Du Da Diz C1 C2 
0.444 0.0290 0.0063 0.0129 0.0841 0.0433 
0.50 0.0474 0.0374 0.0270 0.131 0.0851 
0.625 0.1013 0.0956 0.0920 0.2981 0.2996 
0.75 0.1322 0.2442 0.1585 0.5626 0.8012 
0.90 0.0593 0.5074 0.1019 1.0297 2.074 
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the power in the 7E,, mode was about 0.01 percent of 
that in the TM mode. 

Standing wave measurements were made for irises of 
aperture-to-guide ratios as shown in Table I along with 
calculated values of normalized susceptance. The volt- 
age standing wave ratio of the load was 1.02; this was 
taken into account in computing the susceptances. 
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TABLE III. Evaluation of B¢ for several values of ro/a. 

















Be B 
ro/a (one-term field) (two-term field) 
0.445 4.10 3.2 
0.50 2.76 2.44 
0.625 1.40 1.056 
0.75 0.417 0.371 
0.90 0.0560 0.0551 

APPENDIX I 


Numerical Evaluation of Bg 


In order to evaluate formulas (18) and (19), Dis, Dis, Doo, Ci, 
and C2 are determined. To illustrate the manner in which the 
magnitude of these quantities change with ro/a for a specific 
wave guide and wavelength, let a2=1.99 cm and wavelength 
=4.5 cm. The values of these quantities for various aperture-to- 
guide ratios are tabulated in Table ITI. 

Table III lists values of susceptance calculated from (18) and 
(19) using a one-term field assumption and two-term field assump- 
tion, respectively. These values are plotted in Fig. 3. 
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In this paper an electromechanical analog previously reported, is used to investigate the phenomena of 
subharmonic oscillations. Special consideration is given to the case in which the subharmonic “predomi- 
nates,” i.e., in which the amplitude of the fourier component having the subharmonic frequency is greater 
than the amplitude of the fundamental. An investigation is then made of the possible transitions between 


subharmonics of different orders. 





INTRODUCTION 


NE of the most interesting phenomena of nonlinear 

forced oscillations is the phenomena of subhar- 
monic resonance or frequency demultiplication. In this 
phenomena a forcing function, of frequency w, main- 
tains oscillations whose frequencies are w/n, where n is 
an integer greater than one. If these oscillations have 
amplitudes which are small compared to the amplitude 
of the oscillation whose frequency is w, the subject 
has been discussed in the literature.!? It seemed to this 
author, however, that the really interesting case 
occurred when the subharmonic oscillation predomi- 
nated.*-* 


THEORY 


Consider, therefore, the differential equation 


dx /d? + kyx+ k3x°= Po sinwt (1) 
and assume it has a solution 
x=A sin(wt/3)+ pA sinwl (2) 


in which # is so small that terms in f* can be neglected. 
Under what condition is this assumption possible? 
Upon substituting Eq. (2) in Eq. (1) and dropping 
terms of the order of p”, we find 


[ (ki— mw?/9) A+ 3k3A*/4 | sin(wt/3) 
+ {(ki—mw*) pA+k:A*[—1/44+3p/2 
— (3p/2) cos(2wt/3) |— Po} sinwt=0. (3) 


Thus if A¥0 and Eq. (2) is to be a solution of Eq. (1), 
we have 


ki— mw’ /9+-3k3A?/4=0 (4) 
and 


P= Po/A (ki— mw) — X (ki— ma? /9)/(ki— ma”) (5) 


where 
X= (4/3)[—1/44+3p/2—(3p/2) cos(2wt/3)]. (6) 


'K. O. Friedricks and J. J. Stoker, Introduction to Non-Linear 
Mechanics (8 lectures) incorporated in the set of twenty lectures 
organized under the Program of Advanced Instruction and 
Research in Mechanics at Brown University and delivered in the 
academic year 1942-1943. 

?N. Minorsky, Introduction to Non-Linear Mechanics (J. W. 
Edwards, Ann Arbor, Michigan, 1947). 

*C. A. Ludeke, J. Appl. Phys. 13, 418-423 (1942). 

*C. A. Ludeke, Am. J. Phys. 16, 430-434 (1948). 


Since X is bounded in value, the last part of Eq. (5) 
can be made negligible by choosing large values of w. 
For example, letting w= q(k:/m)!, Eq. (5) becomes 


p= Po/A(ki—mw*)— X(1—@°/9)/(1-@)._— (7) 


For g25, the term in X becomes of the order of p? and 
can be neglected so that Eq. (7) can be written 


p=P/A(ki—me*). (8) 


From Eq. (8) we see that p can be kept small by making 
Py small. Solving Eq. (8) for pA, the coefficient of the 
sinwf term in the solution, we have 


pA=Py(ki— ma”). (9) 


Thus if Po is small and w>5(k/m)!, Eq. (2) can be 
considered an approximate solution to Eq. (1). The 
coefficients A and pA in Eq. (2) are determined by 
Eqs. (4) and (9) respectively. 

An examination of Eqs. (4) and (9) shows that the 
amplitude of the subharmonic follows the frequency 
amplitude relationship of the free vibration starting in 
this case at w=3(k:/m)! rather than at w=(k;/m)!; 
while the amplitude of the oscillation having the fre- 
quency of the forcing function follows the resonance 
curve of a linear system. By generalizing Eq. (1) so 
that it is in the form 


d?x/d?+ kyx+ Rox? + sil k,x*= Po sinwl (10) 
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Fic. 1. w versus 0,2 for the free oscillation using springs NL 22 
and L 1. 
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Fic. 2. w versus 0,7? for the forced subharmonic oscillation of 
order one-third using springs NL 22 and L 1. 


we could expect solutions of the form 


=> Ayn sin(wt/n)+ A; sinwt (11) 
2 


in which, for those values of A1;,>A;1 we know that 
the values of A1/, follow the frequency-amplitude rela- 
tionship of the free vibration beginning at w= n(k,/m)}, 
and 


A= Po(ki— mw") (12) 


where P, is small. 


EXPERIMENTAL 


By an apparatus previously described,® it was rela- 
tively easy to generate subharmonic oscillations, record 
the wave form, amplitude, and frequency, and check 
the preceding theory. The first experiments were per- 
formed on a system represented by the differential 
equation 


Id°0/d?+- k,0+ ks? = Kow* sinwt (13) 
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in which 
I=1.47X10* metric slug-cm? 
6= displacement in rad. 
i= time in sec 
k,=0.13X 10? g cm/rad. 
k3=11.08X 10° g cm/rad. 
w=angular frequency in rad./sec 
Kw*= magnitude of the forcing function. 
For free vibrations of a system represented by Eq, 


(13), we can use well-known methods to find that the 
frequency-amplitude relationship is 


= hy/ I+ 3kin2/41 = 2.244-1.43X 10,2 (14) 


in which @, is the amplitude and w is in cycles/sec, 
According to our theory we should find, therefore, that 
Eq. (13) has the solution 


6= A, sin(wt/3)+ A, sinwl (15) 
in which A, is to be found from the equation 
(@/3)?=2.244+-1.43X 104A? (16) 
and A; is given by the equation 
A= Ka*/(ki— Iw”). (17) 


Since from a previous paper® we know that the 
coefficient of the term &;0,,2/J in Eq. (14) is somewhat 
larger than j, it was decided to obtain first a frequency 
amplitude curve for the harmonic oscillation. This is 
shown in Fig. 1 and gives us the equation 


w= 2.3+ 1.75 X 10'8,,”. (18) 


This corresponds to Eq. (14) with the coefficient of 
k30n7/I increased from ? to 0.92. Using this experi- 
mentally determined value of the coefficient, Eq. (16) 
becomes 

(w/3)?= 2.244+-1.75X 108A ;?. (19) 


As a first check on Eq. (19) a record was taken of a 


Fic. 3. Amplitude versus fre- 
quency for the harmonic oscillation 
and subharmonic oscillation of 
order one-third using springs NL 
22 and L 1. 
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Frequency of Undsience in cycles /sec. 


5 C. A. Ludeke, J. Appl. Phys. 20, 600-607 (1949). 
®C. A. Ludeke, J. Appl. Phys. 20, 694-699 (1949). 
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one-third subharmonic and the data was recorded 
assuming that A, of Eq. (15) was zero. This, of course, 
is not true, but it obviates the necessity of making 
harmonic analyses and gives a first approximation. 
The results are shown in Fig. 2 and lead to the equation 


w= 23+ 15.9X 101A? (20) 
which when divided by 9, becomes 
(w/3)?=2.5+-1.77X 108A y°. (21) 


We note that Eq. (21) is in good agreement with Eq. 
(19). 

With these results as encouragement other records 
were taken and harmonic analyses were made. Also 
use was made of the fact that if A4y>3A, Eq. (15) has 
a maximum given by 

6m=A4y— A}, (22) 


and the value of A; is known from the harmonic 
resonance values beyond the jump frequency. The 
results are shown in Fig. 3. 

The next set of experiments were performed with a 
spring system (S-1) whose torque deflection curve was 











Frequency of enbatence m cy tec 


Fic. 4. Amplitude versus frequency for the harmonic oscillation 
and subharmonics of orders } and } using springs S-1. 


of the form 


in which the torque 7 is measured in g cm and the 
deflection @ is in radians. The coefficients have the 
values 


ko=0.994X 104 
k,=0.106X 107 
k2=0.660X 10° 
k3=10.9X 10° 
+= —5.5X 10" 
ks=—55X10". 
With this torque-deflection curve the frequency ampli- 
tude relationship for the free vibration becomes 
w= 1.82+1.38X 1040,,,—0.593X1070,¢ (24) 
in which @,, is the amplitude in radians and w is the 
frequency in cycles/sec. 

With this spring system, subharmonics of orders } 
and 4} were recorded, and the resulting wave forms were 
harmonically analyzed. The results are shown in Fig. 4. 
In performing these experiments it became apparent 
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Fic. 5. The effect of viscous damping on the subharmonic of 
order one-half using springs S-1. 


that any damping greatly reduced the chances of 
generating subharmonic oscillations; and also, that the 
effect of damping was most pronounced on the sub- 
harmonics of higher order. It was decided, therefore, 
to investigate the effect of damping on the lowest order 
subharmonic namely the one-half order. The data was 
taken by initiating the subharmonic at low frequencies 
and then increasing the frequency until the jump 
phenomena occurred. This procedure was repeated with 
various amounts of viscous damping introduced into the 
system by means of the electromagnetic damper. The 
results are shown in Fig. 5. 

For further experiments a new spring system was 
utilized ; it had a torque deflection curve of the form: 


T= kot h0+ koh + kaP+ Re + hsO°+ hef®+ 76" (25) 


in which 


ki= —0.75X 10" 
k= 1.00X 108 


k3=4.15X 10" 
kg= —1.35X 10" 
ks= —3.36X 10" 
ke=7.20X 10" 
k7=1.29X 10". 
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Fic. 6. The torque-deflection curve for springs S-4. 
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Fic. 7. Amplitude versus frequency for the harmonic oscillation 
and subharmonics of order 4, 4, and 1/7, using springs S-4. 


This spring system is referred to as system S-4 and 
the torque deflection curve is shown in Fig. 6. Such a 
system has a frequency amplitude relationship for the 
free vibration of the form 


w*= — 12.9+-5.33X 10'6,,2— 3.62 X 1076,,' 
+1.21X10"6,,5 (26) 


in which w is in cycles/sec and @,, is in radians. With 
this system it was possible to excite subharmonics of 
orders 4, 4, and 1/7th. The harmonic analyses of the 
resulting wave forms is shown in Fig. 7. All components 
with amplitudes less than 0.2X10~* rad. were con- 
sidered negligible. 
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One of the most interesting features of examining 
subharmonic solutions by means of an electromechanica] 
analog, is the procedure necessary to obtain the sub- 
harmonics in the first place. If a nonlinear system such 
as those considered in this paper is excited by means of 
a rotating unbalance whose frequency is varied slowly 
from zero to a value beyond resonance frequency, the 
ordinary harmonic solution with the jump phenomena 
will be obtained. This author found, however, that if 
the frequency was increased rapidly through the 
“jump,” the change in phase which takes place at the 
jump often caused the appearance of subharmonics, 
Such a case is shown in Fig. 8. After a subharmonic has 
been obtained, it is quite stable and the frequency can 
be varied slowly through a considerable range. In fact, 
the subharmonics themselves have jump phenomena 
and it is, therefore, possible to pass through these 
“jumps” in such a manner that beyond the “jump” a 
subharmonic of a different order is obtained. This is 
shown in Fig. 9. 

In Fig. 8 the lower line of dots indicates when the 
rotating unbalances are horizontally away from the 
universal joints; in this position the forcing function is 
zero. The maximum amplitude for the case of harmonic 
resonance occurs at point A, in the interval A to B the 
phase shift occurs, and after point B we note that a 
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Transition from resonance |:! to resonance 1:3 





Subharmonic resonance of order |/3 


Fic. 8. The transition from a harmonic oscillation to a subharmonic oscillation of order 
one-third generated by increasing w. 
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Fic. 9. Transition from harmonic to subharmonic of order one-half and then to subharmonic of order one-third. 


subharmonic of order 3rd has been obtained. The _ reflected by a mirror oscillating with the analog beam. 
—_ bottom part of Fig. 8 shows this same subharmonic This accounts for the vertical displacement of the phase 
the considerably after the transition. The time scale has spot. It still appears, however, when the rotating 
it a been increased in order that the wave form might be unbalances are horizontally away from the universal 
more easily examined. joint. Point A indicates the maximum amplitude for 
In Fig. 9 the light used to record the phase dot was harmonic oscillations, the jump then occurs with its 
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Fic. 10. The effect of decreasing w on the wave form of a subharmonic of order one-third. 
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Fic. 11. A diagram of subharmonic transitions. 


corresponding shift in phase and decrease in amplitude. 
As the frequency is continuously increased the motion 
changes so that point B indicates a subharmonic oscilla- 
tion of order one-half. Further increase in frequency 
increases the amplitude of this subharmonic until at 
the point C the jump phenomena again takes place 
with a corresponding shift in phase and decrease in 
amplitude. A transition period occurs from C to D, but 
by time point D has been reached it is apparent that a 
subharmonic of order $rd has been obtained. By 
increasing the frequency the amplitude of this subhar- 
monic is increased but the jump is never reached 
because the amplitude becomes too large to record. 

In Fig. 10 we have an interesting record of the effect 
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of gradually decreasing the frequency of a subharmonic 
oscillation of order $rd. The change in amplitude and 
wave form is clearly shown together with the jump 
(point M) to a harmonic oscillation of very small 
amplitude. 

Figures 8, 9, and 10 give a fairly clear picture of just 
how transitions between subharmonics of different 
orders occur. Consider for example the resonance curves 
drawn in Fig. 11. Suppose as w is increased we move 
along the harmonic resonance curve OA until we reach 
the peak at “A” and the jump occurs; the case of 
ordinary resonance requires that the amplitude decrease 
immediately to the point B” and then follow the curve 
B’D’N’. However, because of the unstable condition 
during the jump, the amplitude may stop at B or B’, 
resulting in subharmonic oscillations of order } or }., 
In Fig. 8 the jump was from A to B’ resulting in a 
subharmonic of order jrd. In Fig. 9 the first jump 
was from A to B (3 order), whereupon further increase 
in w made the amplitude follow the curve B and C, at 
which point a second jump occurred (C to D) resulting 
in a subharmonic of order rd. The amplitude then 
followed the curve DNM. In Fig. 10 the frequency of 
the subharmonic decreased and the amplitude followed 
the curve M to N at which point the jump was from 
N to N’ resulting in a harmonic oscillation. 
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Erratum: On the Theory of Random Noise. 
Phenomenological Models. I 


{J. Appl. Phys. 22, 1143 (1951)] 
Davip MIDDLETON 
Cruft Laboratory, Harvard University, Cambridge, Massachusetts 


QUATIONS (2.32), (2.34), and (2.35) are incorrect. On the 

basis of (2.28) one must include not only the contributions 

of the overlapping impulses, but the two cases when there is no 

overlapping of the individual pulses in a typical pair. Accord- 
ingly, the correct form of (2.32) is 


Fults, 3) =exp {ru f~wrla)de franlr)ar fo 
XLexp ia(+&)—1Te+ f™ w(o)da fwa(r)dr 
x [ J, * ax {exp iat:—1+-exp iat,—1 |} (2.32a) 
= Fi(&)Fu(&) exp | — rine) +0010 


x [Tur(o) exp ia(er+edda], (2.526) 


where p(#) is correctly given by (2.33). Note that now as t=, 
p(t)—>0 and F2(t, &; ©) =Fi(é)Fi(&) as expected; in the limit 


one has a purely random process. For the statistics of a assumed 
in the previous paper, the characteristic function (2.32) becomes 
explicitly 


F2(1, £2; t) = Fi() Fi(&) exp [—yirip(t) ] 


2 z Lymelb S 


————— exp [i(a)n(ti+&) —no*(ti+&)?/2], (2.34) 


= 


where F,(£) is given by (2.30). By inversion one finds finally for 
the corresponding probability density 


W2(X1, X2; t) 
=exp (—rnl2+ 01) 6(%1-0)4(X—-0) 


@ 


+ 


l+m+n>0 


-exp { — [Ha)—Xi-tnX./(m-+n)3 /(ERE,, } 


eS 
lm 


Some other corrections: 
Equation (1.3), W2(X2, Y2, 22, =? -) should read Wi(X2, Y2, 22° ++), 


Reference 3, Paper II, 22, 1153 (1951) should read “James, 
Nichols, Phillips. . . .” 


exp | —[(m-+n)(a)—X2?/207(m-+n)} 


(220?)—\(ml+-mn+lIn)- ‘|. (2.35) 
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An effect corresponding to the Faraday effect in natura! dielectrics is predicted for a class of artificial 
dielectrics because of the existence of a Hall effect in the metallic components of the structure. A formula 
for Verdet’s constant as a function of element polarizability and Hall coefficient is obtained. The resonance 
shift to be expected in a cavity resonator, filled with an artificial dielectric, and subjected to a strong mag- 
netic field, is calculated. Prospects for the application of these effects are briefly considered. 





I. GENERAL CONSIDERATIONS 


UBJECT to certain conditions, the dielectric con- 
stant of an artificial dielectric! may be expressed 
in the form, 


e=eqtaN, (1.1) 


where €) is the permittivity of free space,? a is the 
polarizability of a metallic element, and JN is the 
number of such elements per cubic meter. The condi- 
tions referred to are as follows: 


(1) The metallic elements of the artificial dielectric 
are less than a wavelength apart. 

(2) The dimensions of the metallic elements in the 
direction of propagation are negligible. 

(3) The dimensions of these elements normal to the 
direction of propagation are much less than a wave- 
length. 


An example of such a structure is an array of metallic 
disks supported by sheets of polystyrene. The polariza- 
bility of a disk is 


a= 16¢a*/3, (1.2) 


where a is the radius of a disk. Provided that the 
centers of the disks are less than a wavelength apart, 
that aX, and that the direction of propagation is 
normal to the plane of the disks, Eq. (1) will hold, V 
being the number of disks per cubic meter. 

The polarization, P, of such an artificial dielectric is 
given by 


P=aNE, (1.3) 


where E is the electric field strength, and hence the 
current will be 


J=0P/dt=aN(dE/0?). (1.4) 


A fixed magnetic field, Bo, will be taken in the z 
direction, which will also be considered the direction 
of propagation. There is then a Hall effect; that is, the 
currents in the metallic elements and the fixed magnetic 


*Chairman, Department of Physics, University of Georgia, 
Atlanta, Georgia. 

f Submitted to the faculty for consideration as a Ph.D. thesis. 

‘Winston E. Koch, Bell System Tech. J., January, 1948. 

? We use MKS rationalized units throughout this paper. 


field result in a secondary electric field at right angles 
to both the driving field and to Bo. This field is 


Ex=RB XJ, (1.5) 


where R is the Hall coefficient? of the material of the 
metallic elements. Because of this field, there is a 
contribution to the dielectric displacement of an amount 


Dy=aNEy=aNRB)XJ=a?N*RB)XdE/dt, (1.6) 
where we have used Eq. (1.4). Hence, the total dielectric 
displacement, D, is 

D= (e+aN)E+ a*N*RB)X dE/dt. (1.7) 


Eliminating the flux density B from the field equa- 
tions in the usual manner, and substituting for D the 
value given by Eq. (1.7), we obtain 


V°E— grad divE= po(eo>+ aN) (0?E/df) 
+ yoo? N?*RB)X aE/dF, : (1.8) 
which is the basic set of differential equations of this 


paper.‘ In general, divE+0. yo is the permeability of 
free space. 


II. FARADAY EFFECT 


For an investigation of this effect it is sufficient to 
suppose an infinite medium (no boundary conditions 
on Eq. (1.8)). Setting E,=0, and writing 


p=aN/e. (2.1) 
Equations (1.8) may be written, 
@E/d2? = (1+ p/c*)(@E/dF) 

+i(eop?RBo/c?)K@E/dF, (2.2) 


where 
E=E,+iE,. (2.3) 


The presence of the last term on the right of Eq. (2.2) 
prevents the propagation of plane polarized waves. 
However, the oppositely circularly polarized waves, 
exp[iw(/—z/v1) ] and exp[—iw(t—z/v2)] are found to 


* This Hall coefficient has the dimensions of cubic meters per 
coulomb, and it is numerically equal to 10~? times the values 
listed in the International Critical Tables. 

*See Appendix. 
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be solutions provided that 
1/2; = (1+ | aa eo?’ RBww)/c? (2.4) 
1/v2?= (1+ p+ eop’?RBow)/c?. (2.5) 


Thus, the two waves are propagated with different 
velocities. Combining them, we find that 


E=A exp(iwz/u) cosw(t—z/v), (2.6) 
where A is an arbitrary amplitude, and where 
1/v= (1/0;+1/22)/2, (2.7) 
1/u=(1/ve—1/0;)/2. (2.8) 
From Eqs. (2.3) and (2.6), 
E,/E,= tanw2/u, (2.9) 


and hence ¢, the angle of polarization, is 
o=wz/u. (2.10) 


For a fixed z we have a linearly polarized wave, but, 
as z increases, the angle of polarization increases pro- 
portionally. This is precisely the Faraday effect. Just 
as in natural dielectrics, the effect is due to the different 
propagation velocities of the right- and left-handed 
circularly polarized waves. The cause of the difference 
of velocity is not, however, the same. 

Practically, in the microwave region, 


eof?’ RByww<K1+ p. (2.11) 
Hence, Eq. (2.7) gives 
1/0?= po(eo+aV), (2.12) 


which shows that the field propagates with nearly the 
same velocity that it would have in the absence of an 
applied magnetic field. Similarly, Eq. (2.8) yields 


1/u=(eop’RBow)/[2c(1+ p)*], (2.13) 
so that Eq. (2.10) becomes 
= (€op?R)/[2c(1+ p)* Jw” Bos. (2.14) 
The Faraday effect may be expressed by 
d= Va" Boz, (2.15) 


where V is called Verdets’ constant. Comparing Eqs. 
(2.14) and (2.15), we find that, for the artificial dielec- 
tric, Verdets’ constant is given by 


V = (eop?R)/[2c(1+p)!1. (2.16) 


The numerical magnitudes of these results will be 
discussed in the last section. 


III. RESONANCE SPLITTING 


The problem considered in this section is that of 
estimating the resonance frequencies to be expected 
when a cavity resonator, filled with an artificial dielec- 
tric, is subjected to a magnetic field. Formally, we have 
to find solutions of Eqs. (1.8) which are such that the 
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tangential components of the electric intensity vanish 
at the boundaries of the resonator. This would be a 
difficult problem to solve rigorously because of the 
dissymetry introduced by the magnetic field. However, 
we can find formulas for the splitting provided we 
assume, as would be practically the case, that the 
effect is small. 

We first assume that there are walls at only y=0 
and y=L, letting the x and z directions be infinite, 
Then Eqs. (1.8) become 


#E,/dy’= 0/df[aE,—b(dE,/dt) ], (3.1) 
0=0°/dPLaE,+5(0E,/ dl) ], (3.2) 


0= 0?/dP(aE,), (3.3) 
where 


a=po(eotaN), b=py0902N2RBo. (3.4) 


Here we may set E,=0, and it is easy to solve Eqs. 
(3.1) and (3.2) for E, and E,. The condition for a 
nontrivial periodic solution is found to be 


w*— (a?/b?)w?+ (a?/b*) wo? =0, (3.5) 


where wo is the frequency corresponding to By=0. The 
interesting roots of this quartic are approximately 


w= work (b?w*/2a*), (3.6) 


so that the change in w due to the magnetic field is 
only the minute second term on the right. 

This situation is obviously unchanged if we take out 
the walls at y=0 and y=Z and introduce walls at 
x=0 and x=L. 

Let us now consider the more interesting case of walls 
at z=0 and z=L, letting the x and y directions be 
infinite. Then Eqs. (1.8) reduce to 


(#E,/d22) = 82/aF[aE,—b(9E,/at)] (3.7) 
(#E,/d22)=8/dP[aE,+b(0/d)Ez]. (3.8) 


The solution is again easy, and the condition for a non- 
trivial result is that w be such as to satisfy either of 
the cubics 


w+ (a/b) w+ (a/b) wo? =0, (3.9) 
the interesting roots of which are approximately 
w= wot (bw,?/2a). (3.10) 


The effect shown by Eq. (3.10), while small, is very 
large compared with that shown by Eq. (3.6), the ratio 
of bwo"/2a to b?wo*/2a being at least several hundred. 

It is therefore reasonable that Eq. (3.10) approximates 
the resonance frequencies which would be observed in 
a rectangular or cylindrical resonator under the condi- 
tions assumed. The argument presented here corre- 
sponds to physical expectation in that the splitting is 
due to the effect of the magnetic field upon the velocity 
of the waves composing the standing wave system 
within the resonator, and these velocities are not 
seriously affected in directions normal to the field. 
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IV. APPLICATIONS 


Two formulas which would be of use in connection 
with such possible applications as frequency or phase 
modulation, rotation of polarization, broad-banding, 
etc., may be obtained by minor transpositions of Eqs. 
(2.13) and (2.14). They are 


6/s=6/N[p?/(1+ p)! |RBo degrees/meter (4.1) 


where 6/z is the phase difference of the right- and left- 
handed circularly polarized waves, and 


¢/z=3/N[p?/(1+ p)! |RBo degrees/meter (4.2) 


where ¢/z is the change in the polarizing angle per unit 
length. Obviously, ¢/z= 6/2s. 

To have a particular numerical case, we assume 
centimeter waves, and take By=0.1 weber/m? (1000 
gauss) with p=8. Then 


/z=1.28X10°R, $/z=0.64X10°R. (4.3) 


For good metals, this gives only 6/z~10-* degrees/ 
meter, while for N-type germanium,’ 6/z=1024 
degrees/meter and ¢/z=512 degrees/meter. 

The phase change and rotation produced by the 
germanium are large enough to be encouraging. Un- 
fortunately, the “displacement” current in the metallic 
elements of the artificial dielectric dissipates energy 
proportional to the resistivity of these elements. The 
resistivity of germanium is of the order of 10° times 
that of a good metal, so these losses would definitely be 
excessive in ordinary applications. This situation, high 
Hall coefficient associated with high resistivity is gen- 
eral among all the known materials, so that, at present, 
the outlook for application does not seem promising. 

It will be noted, however, that the ratio of Hall 


5G. L. Pearson [Rev. Sci. Instr. 19, 263 (1948)] gives 
R=8xX10™. 


coefficient to resistivity, which would be important in 
applications, is a quantity which varies widely for 
different materials. For copper, this ratio is 0.003, while 
for bismuth it is 0.9. This variation occurs because 
resistivity is mainly a function of the mean free path 
of conducting electrons, while the Hall effect depends 
on an excess or deficiency of electrons in the crystal 
lattice. Furthermore, the Hall coefficient is very sensi- 
tive to very small amounts of impurities.* In view of 
these complications it would seem premature to say 
that no material with a sufficiently high ratio of Hall 
coefficient to resistivity to be useful could be found. 


APPENDIX 


While this paper was in manuscript form, some questions arose 
as to the effect of interaction on the derivation of Eq. (1.8). The 
objection arises because the currents in the conducting elements, 
excited by the impressed field, are themselves sources of a field. 

Strictly speaking, this is an objection to our starting point, 
Eq. (1.1), which is derived by neglecting the induced fields. Per- 
haps no aspect of the theory of artificial dielectrics has been more 
exhaustively analyzed than this.? Exact formulas, which approxi- 
mate Eq. (1.1) in the limit indicated by our conditions (1) and (3), 
have been worked out for the cases where the conducting elements 
are spheres, cylinders, strips, squares, and disks. Generally 
speaking, Eq. (1.1) is good to within about 10 percent for dielectric 
constants up to 1.5. 

The point might be made that, having neglected the conducting 
elements as a source of field in writing down Eq. (1.1), con- 
sistency might seem to require that we also neglect the small Hall 
field which we needed to get a Faraday effect. However, the 
Hall field is effective in changing the direction of polarization in 
a decisive way, while the induced field is not. 


6 G. L. Pearson, Rev. Sci. Instr. 19, 263 (1948). Lark-Horowitz, 
Middleton, Miller, and Walerstein, Phys. Rev. 69, 258(A) (1946). 

7L. Lewis, J. Inst. Elec. Engrs. (January 1947). S. Pasternack, 
“Microwave lenses” Final Report under Contract No. W 28-099- 
ac-112, University of Pennsylvania, July, 1947. S. B. Cohn, J. 
Appl. Phys. 20, 257-262 (1949). J. Brown, Proc. Inst. Elec. 
Engrs. 97 (III), 1950. S. B. Cohn, J. Appl. Phys. 21, 674-680 
(1950). 
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General Theory of Symmetric Biconical Antennas* 
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This paper presents the input admittance of a symmetric biconical antenna of an arbitrary angle as the 
limit of a certain sequence of functions. The first term of this sequence approaches the exact expressions for 
the input admittance as the cone angle approaches either zero or 90°. For this reason our conjecture is that 
this term represents a good first approximation for all angles. 





N this paper we consider antennas formed by two 

equal, coaxial, and perfectly conducting cones whose 
apices are infinitely close, Fig. 1. At the ends of the 
cones we assume perfectly conducting spherical seg- 
ments of radius / equal to the generators of the cones. 
Our problem is to find that particular solution of the 
following differential equations: 


(0/dr)(rH ,)= —iwerE,, (0/00)(sin@H ,) = iwer sindE,, 
(0/dr)(rE»)—dE,/00= —iwprH », (1) 

which satisfies the following boundary conditions: 

(A) E,(r,¥) =£,(7, r—y)=0, 0<r<i; 

(B) E,(/, 0) =0, OS 0<y and r—Y<0<7r; 


(C) rEs,rH, vary as exp(—i@r) as r approaches in- 
finity. 

(D) rEs,rH, approach finite and nonvanishing limits 
as r approaches zero; 


Fic. 1. A symmetric biconical antenna and a division of 
space into two regions. 


* Presented at the International Congress of Mathematicians 
at Harvard University, Cambridge, Massachusetts, August 30 to 
September 6, 1950. 


™y 
(E) lim f rE¢(r, 0)d@ as r approaches zero is given; 
y this limit equals the electromotive force 
driving the antenna. 


In addition, we require that the solution have no 
singularities outside the double cone. 

In particular, we wish to determine the “input ad- 
mittance” of the biconical antenna, which is defined as 
the ratio 

Y;=1(0)/V(0), (2) 
where 
1(0)=lim2zr sinJH ,(r, y), r—0, 


ay 3 
¥(0)=tim f rE,(r, 0)d0, r—0. @) 
+ 


The method of solution is based on separating the 
variables in Eq. (1) and subdividing the region ex- 
ternal to the double cone into two subregions (1) and 
(2) by a “boundary sphere”’ of radius / centered at the 
apices of the cones. In region (1) we shall write the 
most general solution satisfying the boundary condi- 
tions (A), (D), (£); in region (2) we shall write the most 
general solution satisfying the boundary conditions 
(B), (C); then we shall seek that particular solution 
which is continuous across the boundary sphere. We 
add, therefore, the following boundary condition: 


(F) Eo (I, 6) = Ey (I, 6), y<d0<1-y; 
H (1, 0)=H . (1, 0), p<0<a—-y. 


The continuity of E, follows from the continuity of H, 
and need not be stated explicitly. 

The special cases in which y is very small or nearly 
equal to 7/2 have been considered by the author.! The 
limiting case of Y=2/2 has also been considered by 
Stratton and Chu.? Approximate solutions in the inter- 
mediate range of y have been given by Smith* and by 
Tai. Here we shall give the general solution in the 
form of an infinite series of which the first term reduces 
to the exact limiting forms as ¥ approaches either zero 


_or 7/2. This term expresses a first approximation to the 


solution for all cone angles. 


1S. A. Schelkunoff, Proc. Inst. Radio Engrs. 29, 493-521 (1941), 
U. S. Patent 2,235,506, issued March 18, 1941. 

2 J. A. Stratton and L. J. Chu, J. Appl. Phys. 12, 236-240 (1941). 

3P. D. P. Smith, J. Appl. Phys. 19, 11-23 (1948). 

‘C. T. Tai, J. Appl. Phys. 20, 1076-1084 (1949). 
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In either region the solution may be written in the 
following form: 


werE,=i > .n(n+1)R,(r)O,(8), 
werEg=i 2) nRn'(r)On'(8), rH =D »R2(r)On'(8), 


where in each region m is a typical member of an 
appropriate set of separation constants and R,(r), ©,(6) 
are solutions of 


sin6(d?O,,/d@)+-cos0(dO,,/d0)+n(n+1)sind0,=0, (5) 
(#R,/dr?)=([—B’+(n(n+1)/r*) ]Rn, P=w'pe. (6) 


Without loss of generality we may assume that n is 


-non-negative. 


In region (1) we must satisfy (A) for all values of r; 
hence, (A) must be satisfied by the individual terms of 
the series for E,. Consequently, m must either vanish 
or be a root of 


0,.(¥)= 9.(r—y) =0. (7) 
If n=0, the general solution of (5) is 
©o(6) = ap log tan}0+4o. (8) 


Without loss of generality in (4) we may assume b)=0. 
The corresponding solution of (6) is 


Ro(r) = Ao sinBr+ Bo cos@r. (9) 


If n¥0 and is not an integer the general solution of 
(5) and the corresponding solution of (6) are 


©,,(0)=a,P,,(cosé)+b,P,,(—cos6), (10) 
R,(r)=AJnn(6r)+B,Nn,(6r), (11) 


where P,,(cos@), P,,(—cos@) are legendre functions and 
Jn,(8r), Nn,(6r) are normalized bessel functions de- 


fined by 
Inn(x) = (wx /2)* ng y(x), Novn(x) = (arx/2)4N ny (x). (12) 


As x—0, the second of these functions varies as x~"; 
hence, to satisfy the condition D we must let B,=0. 
To satisfy Eq. (7) we find that © must be either an 
even or an odd Legendre function of cos6, 


L,,(cos6) = 3[_P,,(cosé)+ P.(—cos6) | 
M ,(cos6) = 3 P.(cos@) — P,(—cos6) ]. (13) 


The separation constant » must be a root of 


P,,(cosy) = — P,(—cosp) (14) 
in the first case, and a root of 
P,,(cosy) = P,,(— cosy) (15) 


in the second. We note that the function defined by 
(8), with b)=0, is an odd function of cos@. 

If m is an integer, Eq. (10) does not represent the 
general solution. In this case we express it as a linear 
combination of P,(cos@) and Q,(cos6). For integral 
values of m one of these functions is an even function 
of cos@ and the other is an odd function. 


In region (2) there are no solutions of (5) which are 
finite for all values of @ except when » is an integer in 
which case the finite solutions are given by 


©,(0)=a,P,,(cosé). (16) 


These functions are even or odd functions of cos@ de- 
pending on whether 1 is even or odd. The corresponding 
R,(r) is given by (11) in which, in order to satisfy the 
condition (C), we must choose 


B,=—iAn. 
Hence, 


R,(r)=A »LJn.(6r)—iNn,(6r) }. (17) 


We have now determined the solutions in regions (1) 
and (2) which satisfy the boundary conditions (A), 
(B), (C), (D). Of these we have to select one which 
satisfies (EZ) and (F). The latter condition must be 
satisfied separately by the even and odd parts of the 
total solutions. For all even functions which con- 
tribute to the solution in region (1), m is greater than 
zero. While bo is an even function of cosé in Eq. (8) 
corresponding to n=0, it does not contribute anything 
to the field given by (4). We have seen that R, in 
region (1) is given by (11) where B, =0. As r approaches 
zero, the first term approaches zero as r"*'; hence the 
various terms contributing to rE» vary as r”. Conse- 
quently, the even part of the solution contributes 
nothing to the last integral in the set (3), that is, the 
even part of the solution is independent of the im- 
pressed electromotive force and does not represent a 
response to it. It can be shown that under the conditions 
stated at the beginning of this paper the even part must 
actually vanish; but we shall not give this matter 
further attention and seek the odd solution to our 
problem. 

In view of the foregoing considerations we can write 
the following expressions for region (1): 


rH .=(Io(r)/2z siné) 
+2 ndn(Jnn(6r)/Jn,(6l))(d/d0)M ,(cos@), (18) 
rE = (nV (r)/2nK sind) 
+in do ndn(Jnn'(Br)/Jn»(Bl))(d/d0)M ,(cos8), (19) 


where 
n= (u/e)!, K=(n/m)log cot}y, (20) 


V(r)=V(D)[cosB(I—r)+iKY, sinB(l—r)], (21) 
KI)(r)=V()[i sing(l—r) + KY, cos@(l—r) ], (22) 


and the summation is extended over all the roots of 
(15). The first terms in (18) and (19) arise from the 
characteristic functions given by (8) and (9). The par- 
ticular form adopted for the first terms is suggested 
by physical considerations and happens to be con- 
venient for expressing the input admittance (2). In 
electric “transmission lines” the voltage and current 
are distributed in accordance with (9) where r is the 
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distance along the line and Ao, Bo are constants de- 
pending on the end conditions. In such lines the voltage 
and current may be expressed as in (21) and (22) where 
V()) is the voltage at r=/, Y, is the “‘terminating ad- 
mittance,” and K is the “characteristic impedance.” 
The particular value of K given by (20) is the value we 
obtain for the ratio V(0)/7(0) when the cones are ex- 
tended to infinity so that all the a,’s must vanish. 
In region (2) we have 


rH .=>. xb,(Hn,(Br)/Hn,(Bl))(d/dé)P;(cos6), 
H ,.(8r) = Jn,(Br)—iNn,(Br), (23) 
rEg=in > xb,(Hn,' (Br)/Hn,(Bl))(d/d0)P,.(cosé), 
bul, 3,5,--» (20) 


We now obtain /(0) and V(0) defined by (3) from 
Eqs. (18) to (22): 
1(0)=1,(0)= KV (J) (KY, cos6l+i sing), 
V (0) = V(2)(cos6l+iK Y; sin@l). (25) 


Therefore, the required normalized input admittance 
(2) is 
KY, cos6$l+ sini 


7 cospl+ikKY, singl 





KY; (26) 


Letting r=/ in (18) and integrating from #=y to 
6=x—y, we find 


my 
KY.=1/V() f 1H ,(1, 0)d0. (27) 
v 


In view of the boundary condition (F) we can substi- 
tute for /H , the series (23); thus 


KY .= —(2n/V(1))d be P (cosy). (28) 


We now let r=/ in (24), use the orthogonal properties 
of the derivatives of the Legendre functions and the 
boundary condition (B) to obtain 


b.= (Hn,(6l)/inN .*Hn,’' (Bl)) fy" E,(I, 4) 
Xsiné(d/d6)P,(cos@)dé, (29) 


where ;° is the normalizing factor for the exterior 
Legendre functions, 


N,°= f "[(d/d8)Py(cos6) sin6d6 
° =2k(k+1)/2k+1. (30) 


Tt For rH , and rE, must then satisfy the condition (C). 





SCHELKUNOFF 


Similarly from (18) we have, 


my 
an= way f 1H ,(1, 0)sin6(d/d@)M ,,(cos0)d0, — (31) 
. 


where 
a 4 
N,‘'= f [ (d/d0)M ,(cos@) }? sinédé 
v 


= — (2n(n+1)/2n+ 1)siny(OM (cosy) /ayp) 
X (0M (cosy) /dn) 


= —(2n(n+1)/2n+1)siny((0M ,,/dp)?)(dp/dn), (32) 


where y as a function of m is given by (15). 

Using the boundary condition (/) and substituting 
from (19) in (29) and from (23) in (31), we express the 
b’s in terms of the a’s and the a’s in terms of the b’s, 
Eliminating the a’s, we obtain an infinite system of 
linear equations in the 6’s. Thus 


(Nie°Z n° +Z ic) de 
= —(n/rK)V(I)Pi(cosb)—Soa'Ziaba, (33) 


where the prime signifies the omission of the term cor- 
responding to a=k and 


Z4.°= (inHn;'(6l)/Hn,(6l)), 


(34) 
Z ni = (nJ nn’ (Bl)/iJn,(6l)) 


Lia= ae 
(2n+ 1)k(k+ 1)a(a+ 1)siny P; (cosy) P.(cosy) 
2n(n+1)(k—n)(a—n)(k+n+1)(a+n-+ 1) 
dn 
X—Z,'. (35) 
dy 


Equation (33) may be solved by successive approxi- 
mations. We write 








b= de O+ DV +H,O4 + (36) 
where 
nV (l)P;(cosy) 
.-™ ? 
wK(NiEZ4°+Zux) 
(37) 
>e fieha™ 
5, Pt) x= ——___—_. 
Ni&ZiP+Zir 


From the 6’s we obtain RY, and then the input ad- 
mittance Y;. 





"Oo = oOo 3 em m—-=s FF DH fA Ae, 
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The impedance offered to a small superposed alternating current by a space-charge limited cylindrical 
diode is expressed in terms of the variational plate conductance, the transit time angle, and a group of con- 
stants which are functions of the ratio of the plate to cathode radii. The result covers the range of transit- 
time angle up to w-radian and of the ratio of the plate to cathode radii from unity up to 100. 





I. INTRODUCTION 


OR very low frequencies, when the transit time of 

electrons from cathode to plate is negligible com- 
pared with the period of a small superposed alternating 
current, the impedance of a diode to such an alternating 
current can be considered as the variational plate re- 
sistance shunted by the interelectrode capacity. When 
the frequency is increased, it no longer holds true. 
Benham,! Miiller,?> and Llewellyn* investigated the 
transit time effect in the impedance offered by a parallel 
plane diode to a small alternating current superposed 
on a large steady current. For a cylindrical diode, the 
problem is much more difficult because the differential 
equations involved in this problem do not give solutions 
in simple closed functions. In this work, numerical 
methods are used. The impedance is expressed as a 
power series of transit time angle, which is equal to 2 
times the ratio of the transit time to the period of the 
applied alternating current. 


Il. THE DIFFERENTIAL EQUATION OF MOTION 
OF ELECTRONS 


The following assumptions are made: 


(1) Complete cylindrical symmetry and no circumferential 
variations in all quantities concerned are assumed. Cathode is the 
inner electrode. 

(2) Cathode is completely space-charge limited, so that the 
initial velocity and acceleration are zero. 

(3) The interelectrode spacing is negligible compared with the 
wavelength of the applied alternating current, so that the poten- 
tial difference between cathode and plate is the line integral of 
the electric field. 

(4) The magnetic field due to moving electrons can be neglected. 

(5) The superposed alternating current is small compared with 
the steady direct current. The electrons always move toward 
plate and never overtake one another. 


The first four assumptions are satisfied in all practical 
cases, and the last one limits the scope of the present 
investigation to the first-order effect of the superposed 
current. 


Let r,.=radius of cathode in meter, r,=radius of 
the plate in meter, r,>7-, = time of observation in sec, 


‘|W. E. Benham, Phil. Mag. (March, 1928); ibid., Suppl. 11 
(February, 1931). 
mS Miiller, Hochfrequenztech und Elektroakustik, 41 (May, 
5). 
*F. B. Llewellyn, Electron Inertia Effect (Cambridge University 
Press, London, 1941). 


{,=time at which an electron leaves the cathode, and 
r=r(t, {,)=radial coordinate in meter at ¢ of the elec- 
trons which leave the cathode at ¢,. Then it follows that 


mr” = mdr/d? = —eE, (1) 


where m= mass of electron in kg, e=numerical value of 
charge of electron in coulombs, e/m=1.76X10" cou- 
lombs/kg, and E=E(r, t)=radial electric field at co- 
ordinate r and time /. 

Let ¢9=dielectric constant of vacuum= 1/367 10-° 
coulomb/volt meters, p=charge density in coulombs/ 
meter’, and v= velocity of electron in meter/sec. Then, 
from electromagnetic wave equations, one obtains 


p= €9 divE= (€9/r)0(rE)/dr (2) 
and 


div(pv+ €90E/dt) = (1/r)d[rpv+ eord E/dt]/dr=0. 
Thus r(pv+ €90E/0/) is a function of time only, so that 
2mr(pv+ E90 E/Ot) = 2xr.(pv+ €0E/Al),=,= —J(t). (3) 


Obviously —J is the internal current from cathode to 
plate per unit length of the diode. Substituting Eq. (2) 
into (3), one obtains 


va OE 
-—(rE)+— 


—J(i)= 2rer| 
r or ot 


fe) fe) 
= dno P(E) — =2meod(rE)/dt. (4) 


The total derivative d(rE)/dt denotes the time rate of 
rE as seen by an observer moving with the electron. 
Substituting Eq. (1) into Eq. (5) and rearranging terms, 
one obtains 

d(rr’’)/dt= Je/2ame. (5) 


This is the equation of motion of electrons. The initial 
conditions are: 


at t=t,, r=r., r’ =Or(t, te)/dt=0, 
r'’=0r(t, ta)/0PF=0. (6) 
III. SEPARATION INTO DC AND AC COMPONENTS 


AND REDUCTION INTO DIMENSIONLESS 
QUANTITIES 


The current density Jo(/) is composed of the large 
steady part Jo which is a constant, and the small varia- 
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Fic. 1. So(r) ws 7, OK7S<5. 


tional part 7(¢): 


J()=Jot+j(d). (7) 
From Eq. (1), one obtains 
d(rr’’)/dt= [Jot j(t) Je/2rmeo. (8) 


Let ro be the solution of Eq. (8) when j(/)=0; then 
d(roro”’)/dt= J ye/2xmeo, 


ro'= 0, 


(9) 


fo=F%e, Vo =0, at ét=i,, 


where 7p is the radial coordinate of an electron when no 
alternating current is applied. 

Let 
(10) 


Then 7; is the displacement due to the superimposed 
current. Substituting this into Eq. (5), one obtains 


d(rory’+ ro'ty+ ryry’)/dt= (e/2mrmeo) j(t). (1 1) 


Since j(/) is assumed to be very small compared 
with Jo, one has r;ro, so that the last term on the 


r=Pfot+r}. 





WAY DONG WOO 


left side of Eq. (11) may be neglected. Thus, one ob- 
tains a linear differential equation for r:, which is the 
variational component of the motion of the electrons 


d(rory”’+10"1;)/di= (e/2mmeo)j(t). (12) 


For the convenience of computation, the variables 1, 
r;, t, J, and j are converted into dimensionless quan- 
tities. Let 


S=r/1r., So=10/te, Si=ni/te, 
6=t/a, O0.=1./a, 
a= [2meomr2/Joe}'=6.81X10-[r2/Jo}i,( (13) 
k(0) = j(t)/Jo=j(a8)/Jo; 
then 
S(O, 02) =So(0, 0a) +S1(8, 2), (14) 
d(SoSo"’)/d0=1, (15) 
d(SoS1"+-So"S:)/d0= k(8), (16) 
So= 1, So’ =0, So’’=0, S,=0, S,;'=0, 
S,;"=0 at O= 6.. (17) 





Fic. 2. So(r) vs 7, 


0<7r<20. 
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IV. SOLUTION FOR STEADY STATE 


In the steady state the position of an electron de- 
pends only on how long it has left the cathode. Thus, 
ro(t, ta) is a function of /—/,, and So(@, 8.) is a function 
of @—8,. Defining 

1=0—0,, (18) 
one obtains 


So(8, 64) _ So(d— 6.) _ So(r), 
d(SoSo")/dr=1, (19) 
So=1, So’ =0, So’=0 at r=0. 


Integrating Eq. (19), one has 
SoSo =r. (20) 


This equation was first solved for small value of 
t(r<1) by Aiken. The derivatives at r=0 are ob- 
tained by repeated differentiation of the differential 
equation, and are then used in the Taylor’s expansion 
at r=0. For r<1, 


8 r? a 


6 180 2160 19,008 








So= i+ ios, 8 





10] \ 2 3 5 
Tt 


Fic. 3. So’(r) os r, OFr<5. 





‘H. Aiken, “Theory of space charge conduction,” unpublished 
thesis, Harvard University, 1939. 


S(T) 
ey 





4 I 
Tt 


Fic. 4. So'(r) os r, O<r< 20. 


The numerical values of Sp at r=0, 0.25, 0.5, 0.75, and 
1.0 are found from the last equation; and they serve 
as the starting values for the numerical integration® of 
the differential equation (20) for larger range of r. The 
results are plotted in Fig. 1 and Fig. 2. So’(r) is ob- 
tained by numerical differentiation of So, and the result 
is plotted in Fig. 3 and Fig. 4. 

The voltage drop across the plate and cathode is 
obtained by integrating the electric field from cathode 
to plate: 


T=Tp 


T=Tp 
Vo=V,—V.-=— Edr= (m/e) f r’'dr 
T=0 


T=() 


T=Tp 


- (m/e) f r'r'dr=4}(m/e) >| 


= }3(m/e)(r0') = 3(m/e)(r.2/a*)(So’) 





= 
=4(m/era] | (So’)»*, (22) 


Ro= Vo0/Jo=3(m/e)(r2/Toa?)[So' lp. (22a) 


By rearranging terms of Eq. (22), the well-known three- 


5 For example, see W. E. Milne, Numerical Calculus (Princeton 
University Press, Princeton, New Jersey, 1949), p. 140. 
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half-power law is obtained: 


Jo= 4mre(2e/m)'Vo!/r-(So’) 5° |] 
= 2.33[Vol/r-(So') 2 ]X10-*, (23) 
Jo being in amperes per meter, Vo and r, in volts and 
meters, respectively. 
Langmuir and Blodgett® derived a current-voltage 


relation for cylindrical diodes. Converted into the mks 
unit, it is 

Jo= (82€o/9)(2e/m)'V o3/r,B?, 
where B is a rapidly converging series of In(r,/r-). 


The relation between (So’), in this work and B in 
Langmuir and Blodgett’s work is then 


(So’) p= [(9/2) SB}. 


These relations are checked for many values of Sp and 
are found to be true. 

The variational plate conductance is obtained by 
differentiating Eq. (23), 
g= OI o/OV o=§} - 4meo(2e/m)'Vo8/r-(So’) PF = 3 0/ Vo 


= 3.495[ Vo4/r-(So’),?]X10-® mho/meter. (24) 


The variational resistance is, of course, two-thirds of 
the resistance to the direct current. 


V. MOTION OF ELECTRONS WITH SUPERPOSED 
ALTERNATING CURRENT 


For sinusoidal variation of the superposed current, 
one has 


j(t) = jre*, 
k(0) = j(t)/Jo= Ke'*'= Kee = Ke??, 
p=twa, K=j;/Jo. 
When this is substituted into Eq. (16), the differen- 


tial equation for the variational component of motion 
of electron becomes 


d(SoS 1+ So’S;)/dd= Ke??, 


(25) 


(26) 
Integrating Eq. (26), one obtains 


6=6 6 


(S051"+S0"S)) |, ; -{ Ker*do = (K/p)(€??— ?%). 
=. Jp, 


At 0=0., S;, Si’, Sy’, So’, So” are all zero by Eq. (17), 
so the last equation becomes 


S051" + SoS = (K/p)(€??— €?%). (27) 
Let a solution of the following form be tried: 
Si=(K/p)Lo(r)e??+So'(r)(er?—€?%)]. (28) 


Then, one has 


S;'= OS; /00= (K/p)L(o’+ po)e?? 
+ (So'"(r) + pSo'(r))€??— So" (re? ], 


*T, Langmuir and K. Blodgett, Phys. Rev. 22, 347 (1923). 





WAY DONG WOO 


Sy"=0°S,/A8= (K/p)L(6"” +296" + p°o) e+ (So"(r) 
+2pSo!"(r)+ pPSo'(r))e?*— So!" (r)e”%], 


If one substitutes these into Eq. (27) and uses the 
relation that SoSo’=7 and SoSo’’+So'So"’ = (SoSo'’)’ 
= 1, the terms that have e”® as a factor cancel out, while 
those that have e”’ as a factor satisfy the following 
relation: 


Solo" + 2po'+ p'b)+S0'"G+ 2prt pSoSo'=0. (29) 


In order that the initial conditions S,;=5S)/=S,'’=0 
at 0=8@, be satisfied, ¢(r), (7) must be equal to zero 
at r=0. With these initial conditions on ¢ and @’, ¢” 
is equal to zero by Eq. (28), so that the condition 
S,’=0 at 6=9@, is automatically satisfied : 


o(r)=0, o(7r)=0 at (29a) 


The function ¢(r) involves a parameter p. When ? is 
small, @ can be expanded in a power series in p. The 
leading term is easily verified as the first power of p: 


$= CoptCip?+Cop?+Csp'*+ ---. (30) 


Substituting Eq. (30) and its derivatives into Eq. (29), 
and equating coefficients of equal powers of p, one 
obtains 


r=0. 





SoCo” + So"'Cot+27=0, (31) 
SoC 1" + SoC 1+ 2S0Co’ + SoSo’ =, } 
SoCo!” + S0"Cot+ 2S0C 1+ SoCo=0, 
SoCs’ + So0"'C3+ 2SpC 2’ +S0Ci1=0, } (32) 
SoC a+ So'Cat 28oC3/+ SoC 2 = 0, 
The initial conditions are 
Co, Ci, Co, +> Co; Ce, C2’, ---=0 at r=0. (33) 


It is easily verified that the differential equation 
(31) is satisfied by —$So’r, for 


2 , 
Co= — 3S T; 


Co’ = —F(So'+So’r), Co” = — 3280" + So’”’r), 
and, Co’(0)=C,(0) =0, satisfying the initial conditions: 


SoCo’ + SoCo 
slid ® $L2S0"Sot SoS0’7+So0So'r ] 
= — 32S So" +7(SoSo’+So'So”) ] 
= —3[2r+7(SoS0’)’ |= —2r, satisfying Eq. (31). 


Co can thus be calculated directly from the steady- 
state solution. The other terms C;, C2, C3, etc., are 
then solved numerically from the recurrent differential 
equations. 


(34) 


VI. THE IMPEDANCE TO SMALL SUPERPOSED 
ALTERNATING CURRENT 


The potential difference, at time /, between plate and 
cathode is obtained by integrating the electric field 





ly- 
ire 
ial 


eld 
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from f- to fp, 


R=rp 
VHj= Va- V.= -f E(R, t)dR 
R 


ate 


R=rp 
= (m/e) f A(R, t)dR, (35) 
R=re 
where R is an auxiliary variable of integration, and 
A(R, t) denotes the acceleration of electrons which are 
at distance R from axis. In the previous section, the 
position of an electron is expressed as a function of ¢ 
and its starting time ¢,. By eliminating ¢, from this 
function and its second derivative, the acceleration can 
be expressed as a function of ¢ and R. However, this is 
a very difficult and cumbersome process. To circumvent 


this difficulty, new auxiliary variables are introduced. 
Let T and X be defined as follows: 


T=a\, 


(36) 
R= r(T) = reSo(A). 


Physically, T is the time an electron takes to reach R 
from cathode when there is no superposed current. The 
relation between 7, ¢, f, is then 


R=7r(T)=ro(t—ta) trill, 4). (37) 


By the assumption that r:<ro, T is almost equal to 
t—t,, so that T—(t—f,) is a very small quantity. Ex- 
panding ro(t,f.) and ri(t,t,) as a Taylor series at f, 
t—T, one obtains 


ri(t, t2)=r0(T) —ro(t—ta) 
=r) (T)[T—(t—t.) |+higher order terms, 


and 
ni(t, ta)=rilt, -—T)+[Lori(t, ta)/Ola |, 1-7 (ta—-t+T) 
+higher order terms. 


The last term is of second order, since it is a product of 
two first-order quantities. Neglecting all second and 
higher order terms, one obtains 


T- (t—t,)=ni(t, t—T) ‘ro (T). (38) 


For the corresponding dimensionless quantities, one 
obtains 


A—(0—0,)=A—7=S3(0, A—A)/So'(A). (39) 


To obtain A(R, ¢) substitute the value of ¢, from Eq. 
(38) into r’’(t, ¢2) and again use Taylor’s expansion: 
A(R, t)=A(r0(T), )=[9''(t, ta) a =t —T 4ra(t, t—T)/r0"(T) 
= [19 (t—ta) ri’ (t, ta) Me at —T $rilt, t—T)/re(T) 
=[79""(T)—19'" (T) (nit, t-—T) / ro (T) ) +11 (t, t— T) ] 
+higher order quantities. (40) 


Neglecting higher order quantities, Eq. (35) reduces to 


R=rp 
V (t) = (m/e) A(R, t)dR 
R=rc 
R=rp 
= (m/e) A(ro(T), t)dro(T) 
R=r- 


T=T» 
=(m of Cro’ (T)— ro" (T) (rit, t— T)/ro'(T)) 
T=0 
T=Tp 
t+ry"(t, t-—T) Jro'(T)dT = (m/ of ro’ (T)ro' (T)dT 
T=0 


T=T, 
+(m/e) f Cro'(T)e1"(t, tT) 
T=0 


mr2 (So!) 
—ro"(T)ri(t, t—T) JdT =— — 
ea 2 





mr2 ~~» 
fone <ane 
; 


€ a’“).0 


[So’(A)S1'"(0, 0-2) 


—S"(X)Si(8, 0-2) dd. (41) 


The first term is the direct voltage; it is the same as 
that in Eq. (22) when no alternating current is super- 
posed. The second term gives the variational component 
of the applied voltage. Dividing that by the super- 
posed alternating current j,e'*'= J oKe?®, one obtains 


1 mr2 pr» 
z= ———__— — [So’(A)S1'’(0, 9—X) 
J Ke” é a 0 
—So'""(A)Si(0, 9—A) Jdd. (42) 
By Eq. (27), it follows that 
K(€??—?%) So’ (@—8,) 


S1'(8, 6.) = 7 
PS(9—Oa)  So(@—O.) 





Si (4, 64) ; 


then 
K(e??—«?™) = S9’’(X) 
PSo(d) So(A) 


S1'(8, @—X) = 





Si(@, @—X). 


Substituting this into Eq. (42), and recalling that 
(SoS +So'So’’) = (SoSo’’)’ = 1, one obtains 





1 mr2 e’TK So (A) 
ans peed |- (<P? — —r(-»)) 
J Ker? é a 0 p So(d) 
S\(8, @—2) 
-——— |. (43) 
So(A) 


When the expression for S; from Eq. (28) is substituted 
into the last equation, and the relation So’”So+So’So” 
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=1, is again used the impedance becomes 


Ap 


z= (—mr2/J opea*) [(A)/So(A) ]dr 


0 


on f * Cu)+CiO)P+CAN) P+ 
~ Seeat So(d) 








dr. (44) 


By Eq. (34), Co(A)= —$So'(A)-A, and the first term in 
Eq. (44) is then 


mr p 2 So'(A) “r 
3 So(d) 








J ect 0 








2mr2 i So'(A) ae arodnnd 
~ BJ ecatd o So(A) : 








Soy) P=——[ S02 
“F5y'0,)) rat 


~ 37 peat 
But this is 3 of the dc resistance by Eq. (22a) and is 
equal to the variational plate resistance (1/g) by Eq. 
(24). Thus, the leading term of the impedance is 1/g. 
Equation (44) then becomes 


1 1 


Ap 
f Codd/So 
0 





Ap 1 r 2C r eC eee 
x f PCi(A)+ pPC2(A)+ PC3(A)+ a] 
0 So(A) 























1 3 Xe oC i(X PCo(A)+--- 
-| = f PCi(A)+ p°C2(A)+ an} (45) 
g (So’),” So(d) 
Let ki, ko, ks, bs, etc., be defined as follows: 
10 Xp C,(A) 
ky Ap = dx, 
~~ mer | So(A) 
—45 Xp Cm. 
ke Ap = dx, 
all (So’) Ap JS So(A) 
252 Xp a. 
ks Ap = dx, 46 
ool (So’) pAp JS So(A) ” 
— 1680 _—., 
k(A,)= dx, 
( )= (So’ As J So(d) 
12,960 pCO) 
ks(A,)= dx, etc. | 
(So’)pAs'40 ~So(A) 








WAY DONG WOO 


Equation (45) becomes 


1 3 1 1 
Z= {1 —i—Bki——?’k.+—6*k; 
10 15 84 








g 
Bs i pS 
+—4,.~—_fa- Ret -: ‘| (47) 
560 4320 37,800 
where £ is the transit time angle defined as 
B=wT p=woad >. (48) 


The integrals 


Ap De 
f (C/So)dy, f (C2/So)dx, etc. 


are evaluated by numerical integration; and from these 
integrals, the coefficients k’s are calculated, using Eq. 
(46). The results for the first five coefficients are plotted 
against So=r,/r. in Fig. 5. For r,/r- nearly unity, all 
the k’s approach unity, and Eq. (47) reduces to the 
result derived by Llewellyn for the parallel plane case. 

In all computations leading to the final results of k’s 
enough significant figures are carried for an accuracy 
of +0.001. However, there are inevitably accidental 
slight errors. It is estimated that all k’s are accurate 
to +0.003. The maximum error due to dropping off of 
terms beyond the sixth in Eq. (47) can be estimated by 
the magnitude of the seventh term (6%,/37,800). It 
can be proved with some complicated mathematical 
manipulation that the coefficients &,,(A,) decrease both 
with » and \,. For B<z, 6°/37,800<0.026, therefore, 
the first term dropped off is only 0.026 of the leading 
term, for r, nearly equal to r,, and is much smaller for 
larger r,/r-. The actual error is even less because of the 
alternations in signs in both the resistive and the 
reactive terms. 

The following is a numerical example of the applica- 
tion of the results derived in this work: Let 


r,=cathode radius =0.5 mm=0.000,5m, 
r,=plate radius = 3.0 mm=0.003m, 

1=length of tube =2cm =0.02m 
Jo=5 ma/cm =0.5 amp/m. 


r,/t-= 6.00, 





"he, Sold) 


Fic. 5. Impedance coefficient, k vs rp/re. 
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From Fig. 1, r=3.76 for So(r)=6.00. Therefore, one 
has \,=3.76; and from Fig. 3, (So’),=2.80. By Eq. 
(13), one obtains 


a=6.81X 10-[72/Jo }'=5.40X 10-" sec, 
T p=ad,=3.76X5.40X 10- = 2.03 XK 10- sec. 


The steady voltage required is by Eq. (22) 
Vo=3(m/e)(r2/a?)(So’) 2=19.1 volts. 
The dc resistance is then 
Ro= Vo/Jo= 19.1/0.5= 38.22/meter. 
The variational plate resistance is 
1/g=3Ro= 25.52/meter. 
From Fig. 5, for So(Ap)=6, one has 


ki=0.833, 
k= 0.716, 
k3=0.642, 
k,=0.582, 
ks=0.538. 


At a frequency of 200 mc, one has 


B=wT p=24X2X 10°XK 2.03 X 10 
= 2.55 radians. 


Substituting these values into Eq. (47), one obtains 


1 1 
Z= 253] ( 1——#*k2+ —#'t) 
15 560 


3 1 1 
- i( —at,——s%est atts) | 
10 84 43,200 


= (18.7 — 713.4) Q/meter. 





For tube of length 2 cm, one obtains 


impedance= Z/0.02= 935 — 16702. 





", 


Fic. 6. Effective inductive capacity, k. vs rp/Te. 


VIl. THE INTERELECTRODE CAPACITY AT 
VERY LOW FREQUENCY 


At very low frequency the impedance can be re- 
garded as that of the variational plate resistance 
shunted by interelectrode capacity. Retaining only the 
first two terms of Eq. (47) for very small 8, and taking 
the reciprocal of the impedance, and neglecting higher 
powers of 8, one obtains 


Y =1/Z=g[1+ i(3/10)Bki |= gl 1+ 1(3/10)warpyh |. 
The equivalent capacitance is then 


C.=3adygk:/10 farad/meter. (49) 


The equivalent specific inductive capacity of the inter- 
electrode space is the ratio of this capacity to that 
between the same two electrodes in vacuum. 


ke=C,/[22e0/In(rp/r<) | (50) 
= (9/10) [A pki/(So’) » Jlog(So)p 


The value of &, has been calculated and is shown in 
Fig. 6. It starts at 0.6 for very low r,/r., agreeing 
with Llewellyn’s result for the parallel plane diodes. 
It increases toward unity for very large r,/r.-. This is 
understandable, because, for large r,/r-, the region con- 
tributing most to the impedance has very low electron 
density. 
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Free Longitudinal Vibrations of Rubber and Tissue Strips* 
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Frequencies of free longitudinal vibrations of several different specimens of rubber and aortic strips 
were measured as a function of applied load and relative length L/Lo, where Lp is the initial length. Curves 
of w*Lo/g versus L/Lo have distinct minima that become sharper and move upward and toward the w*Lo/g 
axis as the specimens become stiffer. The experimental curves are described rather well by theoretical equa- 
tions derived from current relations for the extension of an ideal elastomer; they may be used for determining 
values of the elastomeric parameter 8. The method is simple and rapid and is applicable to biological tissues 


as well as to other rubberlike substances. 





HE bulk of available information on the dynamic 
behavior of rubber and rubberlike substances 

has been obtained from loaded specimens under forced 
vibration and over a wide range of frequencies. The re- 
sults have been treated in terms of conventional spring 
and dashpot models or in terms of electrical analogs. 
Rather few measurements have been made of free 
longitudinal vibrations, perhaps in part because of the 
lack of an adequate theoretical treatment of the prob- 
lem. A few preliminary free-vibration experiments on 
rubber specimens suggested that valuable data may be 
obtained in this manner for determining elastomeric 
parameters. We shall describe here a study of the free 































































































i ra ‘ LCN? ease Ai dt p.25 ‘i 1 
_ re SE iy Bil 
2B Wee, 1 = ee a eee oe 
5 a fd a ae Bes tf alee 
dH re coo (138) BEN) (S553 WES BB 
ij st = (A) 
fo td th ae at 
= ms i BERS EE a 
: sine a aa 
+ aint ion ae oe 
= ; SLE nme 
topes be Wee Pe re hat = 
(B) 
(C) 











Fic. 1. Galvanometer tracings recorded from piezoelectric 
crystal. (A) Gum rubber, Lo=27 cm, (B) filled gum stock (50 
percent medium processing channel black), Zo=21.1 cm, and 
(C) a circumferential strip from thoracic aorta of a dog, Lo=1.8 
cm. Values of a given below the records. Least count of time scales 
0.04 sec. Note beating in the third record of (C). 

* This investigation was supported in part by a research grant 
from the National Institutes of Health, Public Health Service. 


longitudinal vibrations of several types of rubber and 
of tissue strips from young and old aortas. 

The rubber strips for many of these experiments were 
cut from thin sheets by means of an J-shaped die having 
a center bar one inch long.} Their thickness varied from 
0.005 to 0.01 inch. A few rubber strips were cut to a 
length of more than 20 cm. Light spring clamps were 
attached to each end of a strip and the distance between 
the clamps was measured by means of calipers. This 
distance was taken to be the initial length Lo. The strip 
then was suspended from a phonograph pickup, and 
weights were hooked to the lower clamp. Relative 
changes in length were found by measuring the distance 
between two marks near the center of the strip for 
each applied load and by dividing it by the distance 
between these marks for the unstretched state. 

The output of the pickup was amplified and recorded 
on a direct-writing (heated stylus) galvanometer of 
the electrocardiographic type.{ This instrument has an 
upper frequency limit of 80 cycles per second, and it 
appears to be entirely satisfactory for obtaining fre- 
quency records of low frequency events. Ballou and 
Smith! have obtained similar records for textile fibers 
with a photoelectric device. Some frequencies were so 
low, especially for the long specimens, that they were 
measured by counting vibrations and timing them with 
a stopwatch. Two methods were found satisfactory for 
starting the vibrations. In the more satisfactory one, 
the weighted specimen was stretched by pulling on a 
thread attached to the weight; and, when the recorder 
indicated a smooth baseline, it was released quickly. 
In the other, the weights were lifted momentarily and 
released. Measurements were made of the frequencies 
of free longitudinal vibrations for a specimen by in- 
creasing the load in a continuous series of steps without 
removing the load between observations. Relative ex- 
tended lengths were obtained from measurements of the 
distance between the two marks by means of a pre- 
cision cathetometer. All experiments reported here 
were performed at room temperature. 


+ The rubber specimens were kindly supplied by the General 

Laboratories, U. S. Rubber Company, Passaic, New Jersey. 
t Made by the Sanborn Company, Cambridge, Massachusetts. 
1 J. W. Ballou and J. C. Smith, J. Appl. Phys. 20, 493 (1949). 
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FREE 


Typical galvanometer records are shown in Fig. 1, 
where the least count of the time scales is 0.04 second. 
Sometimes an apparent beating effect occurred, espe- 
cially in the biological materials, as shown in Fig. 1(C). 
Beating often was observed for a whole rubber band, 
probably because of inequalities in the length, composi- 
tion and other factors for its two sides. The same ex- 
planation may very well apply to the beating in the 
biological materials. 


EXPERIMENTAL RESULTS 


If there is no dissipation and if the amplitude is 
small, a mass suspended from a strip of rubber or 
rubberlike substance may oscillate with simple har- 
monic motion at a frequency w/27 given by the relation 


w*Lo/g= (8 +2)/a(a®—1), (1) 


where g is the gravitational acceleration, Zo is the 
unstretched length of the specimen, and a@ equals the 
ratio of the extended to the unstretched length L/LZo. 
This relation is derived from Wall’s load-length equation 
for an elastomeric strip.” As seen in Fig. 1 the motion 
actually is damped with a logarithmic decrement of the 
order 0.05. The frequency of the damped oscillation 
can be shown to be only about 0.02 percent less than 
the undamped frequency. For this reason the damping 
effect is neglected and w is assumed to correspond to 
the measured frequency. Note that w*Zo/g is a universal 
function of a. 

In Fig. 2 are shown experimental results on two gum 
rubber stocks A and B, a strip cut from a household 
rubber band C, a filled gum stock D, and a circumferen- 
tial strip of human aorta E obtained post mortem. The 
foregoing universal function also is plotted for com- 
parison. All the experimental curves lie above the uni- 
versal one for the most part and approach it as a de- 
creases towards unity. Even the gum rubber stocks 
show definite minima, although they agree rather well 
out to nearly 200 percent elongation. The filled sample 
D contains 50 percent by weight of medium processing 
channel black per hundred of gum stock A, and it is 
definitely stiffer than the untreated gum stock. The 
minimum in the frequency response curve becomes 
sharper and rises to the left for substances of increasing 
stiffness. The aortic strip was cut as a ring from the 
thoracic region of a 21-year-old male post mortem and 
opened to form the strip. Although beating was present 
in somé of the aortic frequency records, only the mean 
frequencies are plotted. The aortic strip appears to be 
stiffer than any of the rubber specimens. 

In Fig. 3 the foregoing aortic strip from a 21-year-old 
male is compared with a similar strip from a 70-year- 
old-male. As may be expected, the old aorta is stiffer 
than the young one. In a previous paper’ the suggestion 
was made that aging arterial walls may lose their ex- 


?F. T. Wall, J. Chem. Phys. 10, 485 (1942); 11, 527 (1943). 
°A. L. King, J. Appl. Phys. 17, 501 (1946), 


LONGITUDINAL VIBRATIONS OF 














RUBBER 1341 
\2 i 
tof 
\ 
‘| 
81 s| 
wl, D 
ii | i 
4 \\ } Fa 
WS 
2 ag 
‘RQ - _— A A 
a 
°o 20 3.0 40 50 
~< 


Fic. 2. Experimental frequency response curves. (A) Gum stock 
(medium sulfur content), Lo>=2.5 cm, (B) gum stock (high sulfur 
content), Lo=2.6 cm, (C) strip from household rubber band, 
Io=2.8 cm, (D) gum stock A with an active filler (50 percent 
medium processing channel black), Lo>=2.6 cm, (E) circumferen- 
tial strip of human thoracic aorta (21 years), Lo=2.86 cm. Uni- 
versal frequency response curve plotted as a dotted line. 


tensibility as a result of increased interchain bonding 
and deposition of filler particles. 

All the rubber specimens of Fig. 2 were given a pre- 
liminary treatment by being stretched to 400 percent 
of their initial lengths. Such treatment does not alter 
the frequency response curve markedly, as can be seen 
in Fig. 4. Here are shown the results on a long specimen 
of gum stock rubber which was carried through the 
series of measurements three times, then given the 
stretching treatment, and finally carried through the 
series once more. All the data agree fairly closely, al- 
though there is a slight indication that the treatment 
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Fic. 3. Influence of age on frequency response of aortic strips. 
Open circles: 21-year-old male, Lo=2.86 cm; crosses: 70-year-old 
male, Lo =4.6 cm, 
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Fic. 4. Multiple extensions of single gum stock specimen. At 
start Lo=22.4 cm. Open circles, open squares, and solid circles 
are first, second, and third extensions, respectively; solid squares 
are for data after a 400 percent extension. The solid line is the 
simple universal frequency response curve. 


brings about somewhat better agreement with the uni- 
versal curve. 


DISCUSSION 


The divergence between the experimental data and 
the simple universal curve with increasing extension and 
especially the appearance of a minima needs explana- 
tion. As a matter of fact, it is this very divergence which 
allows one to determine a fundamental elastomeric 
parameter for the specimen material. If the dissipation 
may be neglected and if the amplitudes are not too 
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Fic. 5. Theoretical frequency response curve of an ideal elasto- 
mer for values of the parameter 8 from 0.10 to 0.60. Curve for 
8=0.0 not shown. It approximates 8=0.10 over the range of 
values of a shown. 


LAWTON AND A. L. 





KING 


large, the James-Guth model of a rubber strip*® can be 
shown to yield the function 


w*Lo/g= (DBa?+3BB+3ua!')/ (vei — ua’), (2) 


where a is the relative length L/L» and 8 is the elas- 
tomeric parameter. This dimensionless parameter may 
be interpreted to equal the ratio of the distance be- 
tween the ends of a chain in the unstretched state to 
the distance between these same ends when the chain 
is fully extended. The other symbols have the following 
meanings: 


1/B=(1/u?)—1/sinh?u, 1/D=(1/v")—1/sinh?», 


and wu and v are the inverse Langevin functions of the 
arguments Ba~! and Ba, respectively. Equation (2) re- 
duces to Eq. (1) for 8 equal to zero. Values of w*Zo/g 
as determined from Eq. (2) are plotted against a in 
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Fic. 6. Frequency response of several specimens of gum stock 
(A). Lo averaged 22.0 cm. The solid line represents Eq. (2) with 
8=0.21. Note that both theory and experiment have the same 
minimum value for w*Zo/g and a. 


Fig. 5 for several values of 8. This family of curves 
looks very much like the series of experimental curves 
shown in Fig. 2. 

The agreement between theory and experiment for 
several specimens of a typical gum stock is shown in 
Fig. 6. Here 8 equals 0.21 and the value of amin for both 
the theory and the experiment coincide at 2.60. For 
stiffer rubbers and the aortic strips, however, the agree- 
ment in detail appears poor. The nature of the disagree- 
ment is shown in Fig. 7 for the rubber strip containing 
channel black as an active filler. The theoretical curve 
with 6 equal to 0.40 has a minimum value of w*Zo/g 
near that observed for the strip, but it appears to be 
displaced to one side. The reason for this displacement 
is- not entirely clear. Perhaps it arises in part because 
the complex filled specimen is not described adequately 


*H. M. James and E. Guth, J. Chem. Phys. 11, 455 (1943). 
5A. L. King, Am. J. Phys. 14, 28 (1946). 
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by the simple theory for an ideal elastomer. Swelling 
appears to reduce this discrepancy markedly; the ob- 
servations on swelling are to be published in another 
paper. Preliminary experiments indicate that the agree- 
ment with theory also is enhanced if data are obtained 
during progressive unloading of the unswollen specimen 
from an extended length. In this case Lp is the final un- 
stretched length. 

We believe, however, that the characteristic elas- 
tomeric parameter 8 may be determined for any un- 


‘ swollen specimen by selecting the theoretical curve with 


a minimum value for w*Zo/g equal to that of the ex- 
perimental data. If this procedure is permissable, the 
aortic strip from the young male is found to have a 6 
of approximately 0.50 and that from the old male a 8 
of 0.76. These dynamic values of 8 are significantly 
higher than those obtained by static methods.? Such 
differences are commonly found for elastomers. Further- 
more, whenever an elastomeric specimen is cut, chains 
are shortened and @ increases in value. On the other 
hand, the observed differences may be entirely the re- 
sult of random variations. 


APPENDIX I 


The realtion between applied force to stretch a strip of rubber 
and the stretched length was first developed by Wall? from sta- 
tistical considerations. It is 


F=k(a—1/e2), (1)’ 


where a equals the ratio L/L» and k is a physical constant which 
depends upon the absolute temperature and the elastomeric 
properties of the specimen. If a weight W is hung from a rubber 
strip, therefore, it will produce a relative stretched length a. Any 
additional small force AF increases the relative length by AL/Lp, 
where for small elongations 


AF=k(1+2/a8)AL/Lo. (2)’ 


The restoring force exerted by the rubber strip thus is propor- 
tional to the elongation. The system can oscillate with simple 
harmonic motion of frequency w/27, where 


w= k(1+2/e*)g/WLo. (3)’ 


But from Eq. (1) k/W equals 1/(a—1/a?) so that on substituting 
and rearranging, we have 


w*Lo/g = (a +2) /a(ai—1). (4)’ 
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Fic. 7. Frequency response curve for two specimens of the 
same filled gum stock. The dotted line is the theoretical curve 
with B=0.40. 


This is the equation for the simple universal frequency response 
curve. 


APPENDIX II 
The force exerted by an elastomeric strip has been shown to 
have the form’ 
F=A[L(Ba) —a 3 L"(Ba-4) J (1)” 


over a wide range of values for the relative length a. Here 8 is 
the elastomeric parameter and A is a constant for a substance 
under isothermal conditions. The functions 2-(Ba) and L-"(Bae4) 
are inverse Langevin functions. The Langevin function of w is 
represented by £(u) and is equal to coth u—1/u. Its inverse is u. 
An expression for a small additional force AF may be found 
from Eq. (1)” by differentiating with respect to a. The result is 


AF = A[SD-+ jua-*?+ 36Ba-*](AL/Lo), (2)” 


where B and D have the meanings given in Eq. (3) of the text and 
u equals £-(Ba-#). The system can oscillate with simple har- 
monic motion of frequency w/2zx, where 


w= A[BD+ $uc-52+ 16Ba-*]p/W Lo. (3)"" 


Finally F in Eq. (1)” is replaced by W and the value of A/W from 
the equation is substituted in Eq. (3)’’. The result is 


w* Lo/g= (DBa*+ }BB+ §uc') /(va*—ual), (4)” 
where » represents £~'(Ba). This is Eq. (2) of the text. 
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The Nutting equation e=yXo"Xi", where e=strain, o=stress, ‘=time, and y, 8, and m are material 
constants, is applicable to a large number of polymeric systems, such as plasticized polyvinyl chloride, 
styrene-butadiene copolymers, polystyrene. It has been shown that the material constant m is closely 
related to the damping coefficient as obtained from dynamic mechanical measurements The temperature 
dependence of m and 6 (damping coefficient) are about the same; and, in some cases, there exists a simple 
quantitative relationship between the two constants. A mathematical derivation of the relationship between 
n and 4 is given and a physical interpretation of the dimensional changes in the Nutting equation, in terms of 
complex moduli, is presented. Furthermore, it is shown that, in the case of styrene-butadiene copolymer, 
n varies with the differences in gel content and gel structure. 





INTRODUCTION 


HE phenomena of creep, stress relaxation, and re- 

covery are observable in metals, crystals, glasses 
(organic or inorganic), rubbers, etc. The viscoelastic 
behavior of solid organic polymers only differs from 
that of other material in that large variations in these 
properties can be brought about by relatively small 
changes in temperature and/or composition. A theo- 
retical interpretation of these phenomena, in terms of 
molecular processes, requires, first of all, a satisfactory 
mathematical representation of the large number of 
available experimental data. Two methods have been 
suggested to obtain useful parameters to characterize 
the deformation processes. One might be termed the 
analytical approach :' The over-all deformation process 
is separated into two or three processes, as shown in 
Eq. (1). The integral approach does not attempt such 
a separation and is based on a relationship first sug- 
gested by Nutting,” as shown in Eq. (2). 


e/o=1/Eo+1/E(1—exp(—t/ri))+(1/n)t.  (1)* 
e= yo*l". (2)* 
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Fic. 1. Deformation-time curves for a polyvinyl chloride- 
plasticizer composition at two different temperatures and three 
different shear stresses. 


'T. Alfrey, Jr., Mechanical Behavior of High Polymers (Inter- 
science Publishers, Inc., New York, 1948). 

2P. Nutting, Proc. Am. Soc. Testing Materials XXI, 1162 
(1921). 

*e=strain, o=stress, ‘=time, Eo and E;=moduli, »=vis- 
cosity, ¥, 8, and n=constants, 


During the last few years the analytical method has 
been used extensively in the characterization of the 
viscoelastic behavior of polymeric systems. As more and 
more experimental data became available, it was neces- 
sary to abandon the inherent simplicity of this method 
by the introduction of a relaxation spectrum. This 
necessity not only limits the usefulness of this method 
to characterize the viscoelastic behavior by a small 
number of intrinsic parameters, but it has also raised 
new questions relating to the physical interpretation of 
such a spectrum. The integral method, based on the 
Nutting equation, has been given relatively scant 
attention in the polymer field, although it has been 
used extensively to characterize deformation processes 
of such varied materials as metals, asphalts, and baking 
dough. The general objections raised in opposition to 
the use of this method have been: (a) that the time 
dependence of the viscoelastic deformations cannot 
always be expressed by a single constant; (b) that the 
variation of the exponent ‘“‘n’’ between 0 and 1 leads 
to varying dimensions in the material constant 7; 
(c) that the constant “‘n” is an arbitrary quantity 
which cannot be related to other quantities of the 
material. In the following it will be shown that these 
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Fic. 2. Deformation-time curves for different styrene-butadiene 
copolymers. 7;= temperature of maximum damping. 
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VISCOELASTIC BEHAVIOR OF CERTAIN POLYMERIC SYSTEMS 


objections are not particularly valid and that the 
Nutting equation not only gives a simple characteriza- 
tion of the viscoelastic behavior of polymers but 
promises to result in a better understanding of the 
molecular mechanism responsible for this type of de- 
formation process. 


THE TIME DEPENDENCE OF VISCOELASTIC 
DEFORMATIONS 


According to the Nutting equation the strain, at 
constant stress, is proportional to /" where m is assumed 
to be a constant at a given temperature. Figures 1, 2, 
and 3 show some results obtained on various polymer 
systems and it can be seen that the relationship is of 
the form given by the Nutting equation. (Many more 
creep curves have been analyzed by this procedure and 
found to give a linear relationship between log strain 
and log time; see also the papers by Hahn and Gardik,* 
and Scott, Blair, and Copper.*) It should also be pointed 
out that the data in Figs. 1, 2, and 3 were obtained 
on different instruments. 

Other investigators®:* have reported data which give 
a linear relationship between the strain and the loga- 
rithm of time. For small strains such a relationship 
follows from the Nutting equation by expanding the 
logarithm of strain into a power series. There are, 
however, experimental data which cannot be repre- 
sented by a single constant m, as is shown in Fig. 4. 
Usually such data can be approximated quite well by 
two curves of constant ‘“‘n” of which one curve will 
have a slope equal or rather close to one. Systems ex- 
hibiting this kind of viscoelastic behavior possess a semi- 
permanent network.’ The quantity ‘“’”’ which charac- 
terizes the nature of the time dependent deformation 
process can only remain constant if the molecular 
processes remain unchanged during the time of the 
test. If they change, ‘“‘n’’ must change by necessity. 
The fact that “‘n’’ does not always remain constant 
during a long-time creep test should, therefore, not be 
used as an argument against the applicability of the 
Nutting equation to systems in which the network 
points, or crosslinks, are not of permanent kind. 

There can be no doubt, therefore, that the Nutting 
equation can be applied to characterize quantitatively 
the creep behavior of a large number of polymeric com- 
positions. The determination of the parameter charac- 
teristics of the material—particularly n, but also y 
and 8—is simple and more readily accomplished than 
by the use of the analytical approach. One other point 
is worth emphasis: Using the analytical approach one 
frequently calculates a viscosity term from the linear 
portion of the deformation-time curve. Quite often such 
a calculation is carried out on curves having an “‘n” 


*S. H. Hahn and I. Gardik, Rubber Chem. and Tech. 14, 
433 (1941). 

‘Scott, Blair, and Copper, J. Soc. Chem. Ind. 60, 190 (1941). 

*W. Brenschede, Kolloid Z. 104, 1 (1943). 

* Conant, Hall, and Lyons, J. Appl. Phys. 21, 499 (1950). 

*L. E. Nielsen and R. Buchdahl, J. Colloid Sci. 5, 282 (1950). 
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Fic. 3. Deformation time curves for polystyrene at 
two different shear stresses. 


considerably smaller than one. As a viscosity, by defini- 
tion, can only be determined when n=1 it is obvious 
that such data are completely misleading. In general 
one finds that temperature coefficients of viscosities 
obtained from such data are unusually high* which, 
in turn, has led to a considerable amount of speculation 
concerning the origin of such a high “‘apparent”’ activa- 
tion energy of viscous flow of polymers. This difficulty 
disappears when one accepts as viscosity values only 
such data which, on a loge—log? plot, have a slope of 
not less than about 0.9. 


THE TEMPERATURE DEPENDENCE OF “n” AND “1” 


It was pointed out some time ago® that the shape of 
the creep curve of plasticized polyvinyl chloride com- 
positions varied in a systematic manner with the tem- 
perature; similar conclusions could also be drawn from 
creep experiments made by Conant and Liska™ on 
various rubbers. These observations suggested a more 
careful investigation of the temperature dependence of 
parameters of the Nutting equation. For this reason, 
the creep of two plasticized polyvinyl chloride com- 
positions was investigated in detail over a wide tem- 
perature range. Some of the experimental data are 
shown in Fig. 1 and the values of and y at all tem- 
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8G. J. Dienes, Meeting of Soc. of Rheology, New York, New 
York, November, 1950. 

® Nielsen, Buchdahl, and Levreault, J. Appl. Phys. 21, 607 
(1950). 

10 F.S. Conant and J. W. Liska, J. Appl. Phys. 15, 767 (1944). 








1346 R. 


TABLE I. n, ¥, and E”/E’ as a function of temperature. 























Temp. PVC +0.417¢, DOP PVC +0.378¢, TCP 
(°C) n y E”/E’ n v E” /E’ 
50 0.080 2.5 0.095 0.085 3.6 0.127 
40 0.075 1.4 0.133 0.087 3.0 0.143 
30 0.115 1.1 0.209 0.133 1.5 0.318 
20 0.158 0.64 0.30 0.355 0.25 0.66 
10 0.220 0.43 0.41 0.25 0.066 0.45 
0 0.266 0.17 0.44 0.11 0.0082 0.175 
—10 0.175 se 0.24 0.047 0.016 * 
—20 0.113 0.12 0.155 0.027 0.010 * 
— 30 0.090 0.03 0.150 0.026 0.006 
—50 0.060 0.018 0.024 0.005 
« ¥ in arbitrary units. 


peratures are given in Table I (see also Fig. 5). The 
results obtained are in complete agreement with data 
given by Bilmes'! for polyvinyl chloride samples of 
unknown composition and one is justified, therefore, to 
consider the relationship between m and T and y and T 
applicable to polymer compositions of this kind irre- 
spective of the particular plasticizer or polymer used. 
It was also found that “‘n” was independent of stress 
within the range of stresses used in these experiments. 
The accuracy of the y-value is considerably less than 
the accuracy of m because a double extrapolation is 
necessary to obtain y¥, whereas n is obtained directly 
from the loge—logt curve. As @ is rather close to unity 
for these materials the creep behavior over an extended 
time interval is completely characterized by the two 
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"L. Bilmes, J. Soc. Chem. Ind. 63, 182 (1944). 
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constants m and y. The analytical method, on the other 
hand, requires a very much larger number of constants 
to describe adequately the viscoelastic behavior of 
these materials. 


THE RELATIONSHIP OF “n” AND “i” TO OTHER 
PHYSICAL QUANTITIES 


The shape of the n—T curve and also the dependence 
of y on T are qualitatively very similar to the curves of 
the damping or dissipation factor and of the dynamic 
modulus as a function of temperature.’ At the tem- 
perature of maximum damping the constant “n’’ goes 
through a maximum and on either side of the maximum 
“‘n”’ decreases to fairly small values. Furthermore, the 
width of the two curves (n—T and E”/E’—T) are also 
related as can be seen from Fig. 5; a broad dissipation 
maximum yields a broad maximum for the n—T curve. 
This striking qualitative similarity between the two 
independent physical parameters m and E”/E’ sug- 
gests very strongly that a quantitative relationship 
should be obtainable without reference to specific 
molecular models. Indeed, a quantitative relationship 
can be readily obtained starting from an equation 
given by Zener” and combining it with the Nutting 
equation. Zener showed that the following equation 
relates the dissipation coefficient to the stress relaxation 
function: 

E”/E’=—2/2(d \no/d \nl), (3) 


where E’ and E” are the real and imaginary part of the 
complex modulus E* (E*= E’+iE”). This relationship 
only presupposes the validity of the Boltzmann super- 
position principle. If the further assumption is made 
that the stress relaxation function o(/) and the creep 
function ¢(t) obey the relation 








e(t)=1/o(2), (4) 
then 
d |lne d Ine 
=— . (5) 
d \nt d \|nt 


Equation (3) can then be written as 


E” wdine 


— =, (6 
E’ 2d\lnt 





Putting Eq. (1) into logarithmic form and differenti- 
ating with respect to time gives 
d \Ine/d Int=n. (7) 
Combining (7) and (6) gives the desired relationship 
between m and the dynamic dissipation factor 
n=2E"/xE’. (8) 
How closely this relationship agrees with the experi- 
mental data can be seen from Fig. 5 where the dissipa- 


12 C. Zener, Elasticity and Anelasticity of Metals (The Universit 
of Chicago Press, Chicago), p. 54; also T. S. K@, Phys. Rev. 71, 
533 (1947). 
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VISCOELASTIC BEHAVIOR OF CERTAIN POLYMERIC SYSTEMS 


tion factors—given in Table I—have been converted 
into m values. (The dynamic dissipation factors have 
been reported previously ;? for the tricresyl phosphate- 
polyvinyl chloride compositions E”/E’ has been cor- 
rected to take into account small differences in plas- 
ticizer concentration between the specimens used in 
creep and dissipation factor measurements.) Similarly, 
a close correlation can be obtained between the dynamic 
shear modulus (£*) and the 5 or 10 second modulus 
calculated from a creep curve, as can be seen from 
Fig. 6.— This means then that the constant y of the 
Nutting equation is proportional to the reciprocal 
dynamic modulus for these and similar polymeric 
compositions. It is possible, therefore, to calculate with 
reasonable accuracy the complete creep curve from 
dynamic mechanical data or vice versa, provided the 
relationships given above are fulfilled. 

It was pointed out above that the product of creep 
function and the stress relaxation function must be 
equal to one, in order for Eq. (8) to hold. It has been 
shown that this is at least approximately so for many 


‘polymeric compositions.":* However, this condition 


does not hold in all cases: The creep of polystyrene 
above its second order transition temperature is an 
example of this (see also Fig. 4). Whenever the creep 
function contains a large amount of nonrecoverable de- 
formation, Eq. (8) can only be valid for that part of 
the creep function which is identical with the stress- 
relaxation or recovery function." 


THE DIMENSIONAL ANALYSIS OF THE 
NUTTING EQUATION 


One of the most serious objections to the Nutting 
equation is based on the fact that the use of the frac- 
tional and variable exponent » results in the constant y 
having variable dimensions, as the dimensions of e, o, 
and ¢ are fixed. Although Scott Blair has argued that 
the use of constants of variable dimensions is justified 
from various points of view, it would be most desirable 
to give a satisfactory explanation of this fact within 
the framework of classical physics which requires that 
the dimensions of physical parameters remain constant. 
Using the complex dynamic modulus E* it is possible 
to understand the variations in dimensions of y. 

Let us assume that the creep function ¢(/) is given 
by the following equation (assuming 8=1) 


o o 


¢=—_=—____. (9) 
E* E'+iE” 


It can be shown that FE’ =wn=27n/t. Inserting this 
~ on g 


t The modulus scales in Fig. 6 are shifted slightly because the 
time scale in the two experiments is not the same; however, the 
shapes of the curves are almost identical over an extended tem- 
perature region. 

“H. Leaderman, Elastic and Creep Properties of Filamentous 
Materials (Textile Foundation, Washington, 1943). 

4 Buchdahl, Nielsen, and Merz, J. Polymer Sci. 6, 404 (1951). 

*G. E. Scott Blair, A Survey of General and Applied Rheology 
(Pitman Publishing Corporation, New York, 1944), p. 145. 
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expression into (9) gives 


o at 


e= = . 
E’+(22n)/t E’t+2xn 





(9a) 


As long as E’E’, the second term in the denominator 
can be neglected with respect to the first one and one 
obtains 


«~o/E’. (10) 


This is the one limiting case of the Nutting equation 
corresponding to /° and y-~~1/E’. If E’>E’ the first 
term in the denominator can be neglected, one obtains 


e= ot/21n. (11) 


This is the other limiting case of the Nutting equation 





MODULUS 














TEMPERATURE 


Fic. 6. Comparison between dynamic modulus and 
5 second creep modulus. 


corresponding to /! and y-~1/277. In many cases—as 
for example in the transition region of all polymeric 
substances—E” cannot be neglected with respect to E’, 
or vice versa. One must, therefore, retain in the inter- 
mediate range, when m lies between 0 and 1, the 
complex modulus. The intensity of E* is given by 
| E| =(E’”+ E’””)} whereas the contribution of time (?) 
to | E| is proportional to sing which is equal to E”’/ E* 
(see Fig. 7). It will be recognized that the limiting 
cases of sin¢={{} correspond to the limiting cases of 
the Nutting equation. Equation (9) in terms of real 
quantities takes the form (always assuming B= 1) 


otsine ot B’'/ E* 





«=~ = ’ (12) 
(E’2+ E’’)} (£’2+ E’"?)3 
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Fic. 7. Relationship between E*, E’, and E”. 


As no objection can be raised against Eq. (9) on the 
basis of dimensional analysis, Eq. (12) should be dimen- 
sionally correct also since [time] is still partly tied up 
in the denominator to balance out the exponent in the 
numerator in either equation. 

Comparing (12) with (2), it follows that 


n~E" /| E*| (13) 
and 
1 
Y~ + (14) 
(E+ E’’?)! 


Two equations (8) and (13) have been given to 


relate “‘n’” with dynamic mechanical quantities. There 


is a significant difference between the two expressions: 
E”/(E*) varies between 0 and 1 whereas E/E’ varies 
between 0 and ©. Equation (8) should not be used to 
calculate n for large values of E’’/E’ because no experi- 
mental data are known where m becomes larger than 
one (it certainly never does approach infinity). Using 
E” /(E*) to calculate n does not give a good quantitative 
agreement with the data given in Table I and Fig. 5. 
In evaluating a large number of creep curves, it was 
found that m never exceeded 0.7 unless the deformation 
was predominantly ‘a purely viscous one, n—1. It seems 
reasonable, therefore, to introduce a limiting upper 
value for the parameter n which in combination with 
E"/(E*) gives satisfactory agreement with experimental 
data. 


of22"'/ #1 E*| 
«~—__—_—_, (15) 
(E’2+ E’’)s 
where n= 2E’’/x| E*|. This expression for is the same 


as derived above on the basis of Zener’s equation except 
that E’ is replaced by | E*!. 
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THE COEFFICIENT § AND THE EFFECT OF 
STRESS ON n 


The Nutting equation contains a coefficient 8 which 
so far has been assumed to be equal to one. In reality 
deviations from the value 8=1 are quite frequent; for 
the polyvinyl chloride composition given above the 
average value of 8 is about 0.80 and does not seem to 
vary in a systematic manner with temperature. For 
polystyrene the compliance {e(/)/o=J(t)} is also a 
function of the stress (14). It is well known that in the 
study of flow curves (de/di=constant) one observes 
very frequently a shear dependence which is charac- 
teristic of non-newtonian fluids. In recent publications'* 
Scheele and collaborators have tried to show that 8 
goes through a maximum in the transition region similar 
to n; except that in the latter case 8 approaches a value 
of one at either side of the maximum. It is, however, 
questionable that creep data below the second-order 
transition temperature can be correctly represented by a 
constant creep rate in view of the data presented in this 
paper. (According to the Nutting equation (de/d!)~nt™™ 
which implies a variable rate of shear unless n~1; see 
also the paper by A. Smekal.'”) The stress dependence of 
the creep rate has been studied by Findley’* and Sauer" 
for polystyrene at temperatures well below the second 
order transition temperature. The results obtained by 
these investigators show that 8 varies between 0.5 and 
1.3 depending on the stress; the problem is very similar 
in its complexity to phenomena of strain-hardening in 
metals. 

Very little is known about the stress dependence of n 
or E’’/(E*). Unpublished data obtained by one of us 
(L.N.) indicates that on the low temperature side of the 
transition the dissipation coefficient is rather insensitive 
to stress variations at low stress levels. However, in the 
transition region the dissipation factor increases with 
increasing stress rather markedly. One would, therefore, 
expect an analogous behavior for ». However, such data 
as are available are not precise enough to determine with 
certainty whether or not this is so, although on the 
basis of Sauer’s data'® at room temperature and tensile 
creep measurements in the transition region at large 
and small stresses it would appear that the analogy 
carries over. 


THE PHYSICAL INTERPRETATION OF n 


Although the details of the relationship between n 
and the dissipation factor will, most likely, require 
certain modifications, there can be no doubt about the 
basic interdependence of these quantities. Kuhn*® and 
Tobolsky”! showed, some time ago, that for materials 


16 Scheele and Timm, Kolloid Z. 116, 129 (1950) ; Kolloid Z. 120, 
103 (1951). 

17 A. Smekal, Kolloid Z. 116, 112 (1951). 

18 W.N. Findley, J. Appl. Phys. 21, 258 (1950). 

19 Sauer, Marion, and Hsiao, J. Appl. Phys. 20, 507 (1949). _ 

20 Kuhn, Kunzle, and Preissmann, Helv. Chem. Acta 30, 30/, 
464 (1947). 

21 B. A. Dunell and A. V. Tobolsky, J. Chem. Phys. 17, 1001 
(1949). 
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in the rubbery state the creep and stress relaxation 
functions can be reasonably well approximated from 
dynamic mechanical data. The work of Zener and Ké," 
in particular, has shown that a very good quantitative 
agreement can be obtained between measured and cal- 
culated stress relaxation and creep function in the case 
of metallic compounds. The results of this investigation 
show that this relationship between the essential param- 
eter of the creep function (in terms of the Nutting 
equation) and the dissipation factor remains essentially 
the same whether a polymeric composition is a rigid 
high modulus solid, a soft low modulus rubber, or in 
between these two “states.” It is therefore justified to 
postulate that for solids, in general, the creep function 
and the dissipation coefficient are manifestations of the 
same molecular processes. It is understood that trans- 
verse or intercrystalline thermal currents’ which can 
make a very slight contribution to the dissipation factor 
will not be effective in the creep function. It follows 
then that the process or processes responsible for these 
phenomena should not be interpreted in terms of 
specific molecular models. For example, the creep 
function of polyvinyl chloride compositions is the same 
as that for platinum,”’ although the molecular structure 
of the two systems is certainly very different. Another 
example, along the same lines, is the interpretation of 
creep measurements of styrene-butadiene copolymers in 
terms of the molecular structure parameters as shown 
in Table II. A good qualitative correlation between n 
and the amount of permanent gel content (due to 
chemical crosslinking) is immediately apparent; » is 
influenced also by the semipermanent gel-content, as is 
shown by the data on polystyrene, but this is not 
measurable by swelling experiments. At first sight it 
appears reasonable to interpret » in terms of the gel 
structure of a rubber; however, rubber gels are cer- 
tainly not the only molecular structures which give 
these particular creep functions. Therefore, the specific 
model of a rubber gel—a network consisting of carbon- 
carbon chains of essentially free rotation and held 
together at certain points by primary valence forces— 
should not be used as the basis of a theory of the time 
dependence of viscoelastic deformation. 


#R. P. Carreber, J. Appl. Phys. 21, 1289 (1950). 
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TABLE II. » and y as a function of molecular properties of 
styrene-butadiene copolymers. 











Swelling [n] of sol 
Material n ¥ (10 sec) % gel index fraction 
1 0.600 9.41077 0 0.612 
2 0.410 1.6X10-¢ 0.5-1.0 140 1.530 
3 0.432 1.6 10-¢ 8.2 150 1.774 
4 0.347 7.5X1077 66.6 65.8 0.639 
5 0.350 1.7 10-6 52.3 34.8 1.380 
6 0.262 1.1X10-* 78.5 27.4 0.328 
7 0.242 8x1077 80.9 25.9 0.578 








The dissipation factor measures the ratio of dissipa- 
tion of energy to the total stored energy when a solid 
is subject to stress (or strain). The proportionality 
between the creep function and the dissipation factor 
means, therefore, that the creep function at any tem- 
perature is a measure of energy losses during a de- 
formation process. The deformation of a solid is a 
cooperative phenomena, in the sense that it involves 
the simultaneous displacement of a large number of 
molecules and the degree to which this process takes 
place as a cooperative phenomena is reflected by the 
value n or E”/| E*|. The upper limit of n corresponds 
to a deformation process where all the stored energy is 
being dissipated into kinetic energy of individual mole- 
cules, whereas the lower limit would correspond to a 
deformation process where no dissipation of energy is 
possible (perfectly ideal crystal). The parameter “yp” 
measures the intensity of the deformation and is there- 
fore primarily determined by the configuration and 
forces between the molecular units of the material. The 
dissipation factor E”/| E*| or n, on the other hand, 
depends primarily on the state of aggregation, i.e., the 
size and interaction of domains or clusters—which 
might or might not be crystalline. A comparison of 
the temperature dependence of the two parameters— 
y and n—illustrates the point. y is either some expo- 
nential function of T (when n—1) or only very slightly 
dependent on T (when n—0), whereas the temperature 
dependence of » is entirely different. It is in a transition 
region that » changes markedly with temperature; i.e., 
in regions where the state of aggregation undergoes a 
profound change. 
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Formation of Annealing Twins During Grain Growth* 
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It is proposed that annealing twins form during grain growth as a result of a decrease in the interfacial free 
energy of grain boundaries that would not be achieved in the absence of twinning. Experiments designed to 
permit detection of the changes in grain boundary free energy accompanying the formation of twins give 
results in agreement with this concept. The abundance of twins found in annealed copper depends on the 


texture in a manner that is consistent with the theory. 


INTRODUCTION 


DOMINANT feature of the microstructures of 

most annealed face-centered cubic metals is the 
presence of many straight-sided crystals that have a 
twinned orientation relative to their neighbors. These 
crystals are called annealing twins. A better under- 
standing of the way in which they form during annealing 
should be of importance in understanding the origin of 
annealing textures in face-centered cubic metals and 
alloys. 

In the absence of strain energy, the volume free 
energy of an annealing twin is the same as that of the 
original crystal, since they differ only in orientation. 
The free energies of the interfaces separating twinned 
crystals from each other and from neighboring crystals 
then are the only free energies concerned with the 
formation of annealing twins. When strain energy is 
present, as in recrystallization, the interfacial free 
energies still are important, but thermodynamic analysis 
is more complicated by lack of knowledge concerning the 
distribution of strain energy in deformed crystals. 

The observations of annealing twins in metals have 
been reviewed extensively by Carpenter and Tamura! 
and by Mathewson.’ Hull’ pointed out that annealing 
twins may be found in most face-centered cubic metals, 







Fad Fic. 1. Schematic re- 
GRAIN B presentation of the 
changes in grain bound- 
ary free energy associ- 
ated with the formation 
of a twin A’ in a small 
region in the corner of a 
growing grain A. Grain 
boundaries with high 
interfacial free energies 
“ea are represented by wide 
lines. 


GRAIN A 


GRAIN C 


* This paper is based upon a part of a dissertation submitted by 
R. L. Fullman to the faculty of the Engineering School of Yale 
University in partial fulfillment of the requirements for the degree 
of Doctor of Engineering, June, 1950. 

1H. C. H. Carpenter and S. Tamura, Proc. Roy. Soc. (London) 
113A, 161 (1926). 

2C. H. Mathewson, Proc. Inst. Metals Division, Am. Inst. 
Mining Met. Engrs. 1928, 7 (1928). 

34. W. Hull, J. Franklin Inst. 193, 189 (1922). 


and subsequent investigations suggest that all form 
annealing twins after appropriate treatments, although 
the number formed may vary greatly. Aluminum is of 
particular interest in this respect, since it forms relatively 
few annealing twins. 

Two processes whereby annealing twins might form 
have been described. Mathewson’ suggested that 
annealing twins form by lateral growth of extremely 
thin deformation twins during annealing of face- 
centered cubic crystals. Photomicrographs presented by 
Burke and Shiau® suggest that lateral migration of twin 
boundaries in face-centered cubic metals may occur 
when strain energy is still important during the early 
stages of annealing. An alternate process has been 
described by Burke.® He observed that the annealing 
twins that formed during grain growth of alpha-brass 
appeared, one twin boundary at a time, at the corners of 
growing grains. During continued grain growth the 
twin boundaries were not observed to migrate. The 
theory of twin formation advanced by Mathewson? 
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Fic. 2. Schematic representation of the disappearance of a grain 
boundary, illustrating how a change in the identity of a grain’s 
neighbors could lead to the formation of an annealing twin in the 
corner of a growing grain. 


‘C. H. Mathewson, Trans. Am. Soc. Metals 32, 38 (1944). 
5 J. E. Burke and Y. G. Shiau, Trans. Am. Inst. Mining Met. 
Engrs. 175, 141 (1940). 


6 J. E. Burke, Trans. Am. Inst. Mining Engrs. 188, 1324 (1950). 
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FORMATION OF ANNEALING 
does not appear to account for the formation of an- 
nealing twins during grain growth after the recrystal- 
lization process is complete, for in face-centered cubic 
metals, migration of twin boundaries is not observed 
during grain growth after the strain energy responsible 
for recrystallization has largely disappeared. 


PROPOSED THEORY 


It is suggested that twin boundaries form during grain 
growth when the free energy of the boundaries between 
a grain’s neighbors and its twin would be less than that 
of the boundaries between the neighbors and the grain 
itself. A twin boundary might then form in a corner of a 
growing grain and extend as the grain continues to grow 
as a twin of the original crystal. The conditions required 
for a decrease in free energy to accompany the formation 
of a twin are clarified by Fig. 1, which represents 
schematically the small region where atoms are being 
added to a growing grain A, and removed from the 
neighboring grains B and C. The small arrows indicate 
the directions of grain boundary migration, and the 
wide lines indicate boundaries of relatively high inter- 
facial free energy. It may be seen that the free energy 
will be decreased by the formation of the twin A if: 


Sar BOA BTSacOactS:Or<Sa'poaswtSa'coac, (1) 


where s and o represent the area and interfacial free 
energy, respectively, of the boundaries indicated by the 
subscripts. The subscript / refers to a coherent twin 
boundary, i.e., to a twin boundary that coincides with 
the twinning plane. In effect, formation of the twin 
boundary 4/A’ will cause an over-all free energy de- 
crease if the 4’, B and A’/C grain boundary energies are 
decreased over the 4/B and A/C boundary energies by 
A’ twin boundary energy. Annealing 
twins will form in grain corners during grain growth 
when the geometry and orientation relationships are 
such that inequality 1 is satisfied. In copper, for ex- 
ample, the ratio of the interfacial free energy of coherent 
twin boundaries to that of average grain boundaries is 
only 0.035,7 much less than the variability of grain 
boundary free energy, so that twin boundary formation 
should be frequent. 

The identity of a grain’s neighbors may change during 
grain growth when the boundary between two adjacent 
grains disappears, as in Fig. 2(a) to (c). An example may 
be found in Burke’s* photographs of grain boundary 
migration in zinc. If the new grain boundary between 
grains B and D has relatively high interfacial free 
energy, as indicated, there are four new corners (num- 
bered on the figure) at which conditions favoring the 
formation of a twin, as in Fig. 2(d), may exist. 

A change in the identity of a grain’s neighbors may 
also occur as a result of interaction with existing twins. 
Figure 3 shows a grain A growing at the expense of 

7R. L. Fullman, J. Appl. Phys. 22, 448 (1951). 


* J. E. Burke, “Grain control in industrial metallurgy,” Am. Soc. 
Metals, Cleveland, Ohio (1949), 
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Fic. 3. Schematic representation of the formation of a twin in 
the corner of a growing grain, as the result of a change in the 
identity of the grain’s neighbor when the advancing grain bound- 
ary meets an existing twin. 


grains B and C, one of which contains a twin B’. If the 
interfacial free energy of the A/B’ grain boundary is 
relatively high, and the geometry is favorable, a twin 
A’ will form in the advancing corner of grain A when the 
configuration of Fig. 3(b) is reached. When the bound- 
ary has advanced to the second previously existing twin 
boundary in grain B, the advancing grain A’ may twin 
back to the original orientation A, as in Fig. 3(d). 
Figure 4 shows an alternative sequence that may occur 
if the free energy of an A’/B boundary is high, since 
further progress of the A/B boundary, as in Fig. 3, may 
then be prevented. Even when the twin boundary 
planes are not aligned so that they can coincide along a 
line where they meet the grain boundary, a minimum 
free energy position for the 4/B boundary exists, leading 
to a tendency to retard migration of the boundary. Twin 
boundaries near grain corners of adjacent grains very 
frequently meet the grain boundary at a common point. 





(c) (d) 


Fic. 4. Schematic representation of a possible influence of twin 
formation on grain boundary migration. Association of the twins 
A’ and B’ may retard migration of the A/B grain boundary. 
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(a) (b) (c) (d) 


Fic. 5. Schematic representation of a way in which a non- 
coherent twin boundary might form, after formation of a twin in 
a corner of a growing grain. 


Steps of noncoherent twin boundary® along the side 
of a coherent twin boundary and twin bands that end 
within the grain could result from the sequence of 
boundary configurations shown schematically in Fig. 5. 
Here a coherent twin boundary that formed in the 
corner of grain A has become tangent to the A/B grain 
boundary upon migration to the configuration of Fig. 
5(b). Continued migration of the grain boundaries must 
lead to formation of a noncoherent twin boundary 
segment, as shown in Fig. 5(c) and 5(d). If a second twin 
boundary, parallel to the first, forms in the advancing 
corner of A’, continued grain boundary migration will 
cause the new coherent twin boundary to extend until it 
meets the noncoherent twin boundary. The result is a 
twin A’ that ends within grain A. On the other hand, if a 
second twin boundary forms in the corner of grain A 
above the corner where the first twin boundary formed, 
continued grain boundary migration results in the 
formation of a “stepped” twin boundary. 

If the free energy of a grain boundary at the end of a 
twin is sufficiently higher than that of the adjacent 
boundary, the twin may pull away as shown sche- 
matically in Fig. 6. The process is accompanied by a free 
energy decrease if: 


SA’BOABTS yOu <SA' BOA BTS 161, (2) 


where the subscript ¢’ refers to a noncoherent twin 
boundary. A twin that ends within a grain may dis- 
appear by migration of the noncoherent boundary at its 
end, with a decrease in the coherent twin boundary 
area, as shown in Fig. 7. If a whole series of fine parallel 
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Fic. 6. Schematic representation of the dissociation of a 
twin from a grain boundary, leading to disappearance of the 


twin. 


*R. L. Fullman, J. Appl. Phys. 22, 456 (1951). 
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twins pulled away from a grain boundary in the manner 
shown in Fig. 6 and disappeared, the result would be 
similar to that described by Mathewson’ as “coalescence” 
of twins, a mechanism for the apparent broadening of 
twins during grain growth. 

In addition to the simple formation of a single twin 
boundary in a grain corner as illustrated in Fig. 2, more 
complex behavior may be expected, as when several of 
the new corners form twins on continued growth. There 
also may be changes in the general direction of boundary 
migration as a result of the changes in relative interfacial 
free energies resulting from formation of a twin. Only a 
two-dimensional analysis of relatively simple situations 
has been attempted in the present treatment. 


EXPERIMENTAL VERIFICATION 


Since the intervals of distance between changes in the 
identity of a grain’s neighbors should be roughly pro- 














Fic. 7. Surface of compression-rolled copper sheet thermally 
etched for 100 hours at 945°C in an atmosphere of lead vapor and 
hydrogen. Rounded grooves indicate previous positions of non- 
coherent twin boundaries that have migrated in the directions 
required for a decrease in area of the coherent twin boundaries. 
50x. 


portional to the grain size of the material being con- 
sumed, it follows from the proposed theory of annealing 
twin formation that the spacing between twin bound- 
aries should also be proportional to the grain size being 
consumed. This prediction is verified, for during normal 
grain growth (no marked contrast in the grain sizes) the 
spacing between twin boundaries is roughly propor- 
tional to the grain size, and hence to the grain size of the 
material being consumed. Similarly, when exaggerated 
grain growth or secondary recrystallization has oc- 
curred, and a very large grain has grown at the expense 
of a fine-grained matrix, it is frequently observed that 
the large grain contains many very fine twins, whose 
size is comparable with the grain size of the material 
being consumed. 

A direct test of the validity of the proposed mecha- 
nism of twin formation during grain growth would be 
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provided by observations of the relative interfacial free 
energies of grain boundary segments on opposite sides 
of twin boundaries that are newly formed in grain 
corners, and hence still have as neighboring grains those 
that were present when the twinning operation occurred. 
If the theory proposed is correct, the average free energy 
of the grain boundary segments toward the corner 
should be smaller than on the side of the twin boundary 
away from the corner. 

If the B/C grain boundary of Fig. 8 has average 
interfacial free energy, and the A’/B and A’/C grain 
boundaries have less than average free energy, balance 
of interfacial tensions would lead to the angle @ having a 
value less than 120°. The significance is not reduced if 
some of the twins selected for observation are being 
consumed, rather than being formed, for grains that are 
being consumed are essentially random and should 
contribute values of @ averaging 120°. 

Specimens of OFHC copper bus-bar 0.200 inch in 
thickness were annealed at 500°C for one hour and 
compression rolledf in accordance with one of two 
rolling schedules as follows: (1) Compression roll to 





RAIN B 
Fic. 8. Diagram G 
showing the angle @ 
measured in twinned GRAIN A 
grain corners. 
GRAIN C 


0.020-in. thickness, with two intermediate anneals at 
500°C. (2) Compression roll to 0.025-in. thickness, with 
no intermediate anneals. Specimens prepared by either 
of these schedules were annealed for 18 hours at 1040°C. 
Observations were made on the angles, @, formed be- 
tween grain boundary traces in twinned corners for 
which the distance from the grain corner to the twin 
boundary was less than 10 percent of the grain diameter, 
and no twin boundary in either adjacent grain was so 
close to the corner. Measurements were made at 148 
grain boundary intersections meeting these require- 
ments. No significant difference appeared between the 
measurements made in specimens prepared by the two 
rolling schedules used. A bar diagram of the distribution 
observed on all samples is shown in Fig. 9. The mean 
value of # found was 115.20+0.9°. According to stand- 
ard statistical formulae, the probability that the mean 
value of @ is actually less than 120° is 0.99974. 

The results of the experiment just described indicate 
that the grain boundary free energy toward a grain 
corner from a newly formed annealing twin boundary is 





t In compression rolling the rolling direction is changed at each 
pass of the specimen through the rolls. 
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Fic. 9. Distribution of angles (6) measured at twinned grain 
corners on the surface of annealed copper sheet. 
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smaller than the grain boundary free energy on the 
opposite side of the twin boundary. The observation 
was checked by means of deep thermal etching in lead 
vapor. The relative widths of the grooves visible on 
examination of a thermally etched surface provide a 
qualitative measure of the relative interfacial free 
energies of the boundaries responsible for the formation 
of the grooves. 

A strip of OFHC copper, compression rolled in ac- 
cordance with schedule (2) described above, was me- 
chanically polished and then thermally etched for 16 
hours at 900°C in lead vapor and a partial atmosphere 
of hydrogen. Grain corners containing a twin boundary 
within 10 percent of the grain diameter from the corner 
of one grain, and no other twin boundaries closer to the 
corner of any of the three grains, were selected for 

















Fic. 10. Example of a change of type Narrower, Narrower in the 
apparent width of grain boundary grooves at a twinned grain 
corner. Copper sheet thermally etched in lead vapor for 10 hours 
at 945°C. 100X. 
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TaBLe I. Changes in grain boundary grooves at twinned grain 
corners in thermally etched copper. 








Number of observations by 
Inde- 
pendent 
Author observer 


Type of change in 
groove width Total 





Narrower, Narrower* 10 3 13 \consistent 
Narrower, Same 38 52 90 | with theory 
Narrower, Wider 5 9 14\. . 
Same, Same 17 10 27 sindeterminate 
Same, Wider 12 5 17 \inconsistent 
Wider, Wider 3 3 6/with theory 








* Groove narrower toward corner for grain boundaries at both ends of 
twin. 


examination at a visual magnification of approximately 
235. Figure 10 shows an example of a change in grain 
boundary groove width. A boundary groove that ap- 
peared narrower toward the grain corner than on the 
side of the twin boundary away from the grain corner 
was denoted as Narrower, while a boundary that ap- 
peared wider toward the grain corner was denoted by 
Wider. Boundaries for which no difference in width of 
the groove could be positively established, or for which a 
small apparent difference in width could be reversed by 
changing the focusing position of the microscope, were 
called Same. Observations of all the suitable twinned 
grain corners found on the specimen were made by two 
individuals, one an independent observer who knew 
nothing of the theory of twin formation that has been 
described. The results are summarized in Table I. 

Of 167 observations of grain boundary grooves ad- 
jacent to twins in grain corners, 103 were consistent 
with the proposed theory, 41 were in doubt, and 23 were 
inconsistent. If the proposed theory is correct, the ob- 
servations that are not consistent with the theory must 
be attributed to the presence of twins that are being 
consumed. The probability of Same observations should 
be identical for new and old twins, since these observa- 
tions reflect primarily the sensitivity of the observations. 
If the probabilities of Narrower and Wider observations 
are equal for the twins being consumed, i.e., if these 
twins make a random contribution to the distribution, 
then the observed distribution is consistent with the 
proposed theory with 56 percent of the twins observed 
being new ones. The probability that a randomly chosen 
grain corner is moving toward or away from a nearby 
line is 3, so that to a first approximation 50 percent of 
the twins should be new ones. The slight preferential 
selection of newly formed twins is consistent with the 
fact that large grains are more likely to be growing than 
small grains* and the existence of a twin boundary 
within 10 percent of the grain diameter from a corner is 
more probable in large grains than small ones. 


THE ABUNDANCE OF TWINS 


No precise measurements of the abundance of twins 
over a wide range of grain sizes have been reported. 


FULLMAN AND J. C. 





FISHER 


Smith’ pointed out that the number of twins per grain 
is essentially constant during grain growth. Hibbard, 
Liu, and Reiter" counted the twins in copper and alpha- 
brass rolled and annealed at various temperatures. In 
copper they found a nearly constant number of twins 
per grain, but the grain size varied by less than a factor 
of two. In brass the number of twins per grain decreased 
from about 7 to 2 with a fourfold increase in grain size, 

According to the theory proposed, the abundance of 
twins should decrease with increasing ratio of twin 
boundary free energy to grain boundary free energy, 
hence with increasing perfection of preferred orientation, 
which leads to grain boundaries with smaller interfacial 
free energy. It is well known that copper with a very 
perfect “cube” texture (produced by annealing after 
severe rolling) has almost no twins, while Hibbard, Liu, 
and Reiter" found about 1.6 twin boundaries per graint 
in rolled and annealed copper that did not develop the 
cube texture. In order to extend this correlation to a less 


perfect texture, the abundance of twin boundaries was : 


measured in compression rolled copper sheet after 
annealing. 

The samples were prepared in such a way that two 
widely different grain sizes would be obtained, with 
grains extending completely through the sheet for both 
grain sizes. Two strips of OFHC copper were compres- 
sion rolled in accordance with schedule (1) described 
above (final thickness 0.020 in.) and annealed for 18 
hours at 1040°C in hydrogen, leading to an average 
grain diameter of 0.90 mm. Another specimen was com- 
pression rolled from 0.200-in. to 0.006-in. thickness with 
no intermediate anneals, mechanically polished to a 
thickness of 0.005 in., and annealed for 1 hour at 800°C 
in hydrogen, leading to an average grain diameter of 
0.21 mm. The samples were examined on the metallo- 
graph at a visual magnification of approximately 100x, 
using polarized illumination to assist in the identification 
of twins and grain boundaries. 

The number of twin boundaries per grain found in the 
compression rolled copper with an average grain diame- 
ter of 0.21 mm was 5.08+0.18. In the copper with a 
grain-size of 0.90 mm the mean number of twin bound- 
aries per grain was 4.58+0.15. The abundance of twins 
was nearly the same for the two grain sizes examined in 
compression rolled copper, and was substantially larger 
than that found by Hibbard, Liu, and Reiter" in 
straight roiled copper. Conditions that lead to less ran- 
dom orientations of neighboring grains seem to lead toa 
smaller number of twins per grain, as would be predicted 
on the basis of the suggested theory of twin formation 
and disappearance. 


10C. S. Smith, Trans. Am. Inst. Mining Met. Engrs. 175, 15 
(1948). 

" Hibbard, Jr., Liu, and Reiter, Trans. Am. Inst. Mining Met. 
Engrs. 185, 635 (1949). 

t Hibbard, Liu, and Reiter counted the number of completely 
enclosed “twins” per grain. The number of twin boundaries per 
grain may be from one to two times the number of twins counted in 
this manner, or 1.06 to 2.12. 
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DISCRETE ENERGY LEVELS OF A NONLINEAR OSCILLATOR 


CONCLUSIONS 


Direct observations of the formation of annealing 
twins at moving grain corners, of the proportionality of 
twin boundary spacing to the grain size being consumed 
during growth, of the significantly small average grain 
boundary dihedral angle in twinned grain corners, of the 
relatively shallower thermally etched grain boundary 
grooves on the grain corner sides of newly formed twins, 
and of the dependence of twin abundance on texture, all 
support the proposal that the presence of annealing 
twins at the corners of certain grains corresponds to a 
lower total interfacial free energy than would the 
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absence of twins, and that new stationary annealing 
twin boundaries appear at moving grain corners when- 
ever a decrease in the over-all interfacial free energy 
would result. 
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Following a brief survey of the theory, especially Eckweiler’s work, of nonlinear oscillators satisfying 
an equation of the form (d*g)/(df@)+«F (dg/dt)+¢q=0 a special case is considered for which the stable limit 
cycles have a definite relation to one another and to the so called Planck oscillator. A nonlinear “quantum 
effect” is discussed and shown to be similar to the harmonic quantum oscillator in some respects. No physical 
model is proposed for which the equation considered would be a description but various possibilities in 


this regard are indicated. 


I. INTRODUCTION 


N Planck’s original development of the quantum 
theory the linear harmonic oscillator played a 
central role. In order to obtain a formula in agreement 
with experiments on blackbody radiation Planck was 
led to the assumption that his elementary oscillating 
systems would attain only a discrete set of energy levels 
instead of the continuous range generally associated 
with a system behaving according to the laws of classical 
mechanics. Because some mechanism was called for to 
allow for the possibility of a change in the system 
configuration he further assumed that the elementary 
oscillators could alter their energy in a discontinuous 
manner. No attempt was made to follow the system 
through these “jumps” or transitions from one energy 
level to another. 
These ideas of Planck’s have a close analogy in the 
mechanics of nonlinear systems which will be indicated 
in this paper. 


Il. THE HARMONIC OSCILLATOR 


The equation of a linear harmonic oscillator of 
natural frequency f is in terms of a position coordinate q 


(@q)/(d?)+49°f'q=0. (1) 


The frequency f depends of course on the “mass” of the 
oscillator and its “spring constant.” If we introduce 


the momentum p= mdgq/dt the energy of the oscillator 
is given by 


E= p/2m+42°f?m@. (2) 


The solution of (1) is often represented as a curve drawn 
in the p, g plane—the so called phase plane. A curve of 
constant energy in this plane is from (2) an ellipse 
whose semi-axis along and q are respectively 


a=(2mE)!; b=(2E/(42°f?m))}. (3) 


The area of such an ellipse is tab=E/f. Planck’s 
assumption amounts to the statement—the oscillator 
will find itself only in such states that its representative 
point in the phase plane lies on one of a discrete set of 
ellipses of the above type where the set is such that 
adjacent members differ in area by a constant value. 
This constant difference in area is a new universal 
constant, Planck’s constant. It is this particular aspect 
of Planck’s work that has such a close analogy with 
certain nonlinear systems. 


Ill. THE NONLINEAR OSCILLATOR 


The idea of a system capable of only discrete energy 
levels is not compatible with classical mechanics. 
However if we agree to neglect transient conditions 
during a change from a motion specified by one energy 
level to another and require only that the possible 
steady states or equilibrium states be associated with 
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Fic. 1. Graphical construction for Eq. (6). 


Planck’s conditions then a suitable nonlinear system 
will fulfill the requirements. In any event transient 
states in an atomic oscillator must be of extremely 
short duration. 

In order to make the main idea clear, unclouded by 
a mass of symbolism, let us study a system in which 
we have numerically m=2rf=1. We will also take 
Planck’s area difference to be a unit area. 

We will make the important assumption that the 
system operates with a slight nonlinearity which de- 
pends on the velocity dqg/di=q so that the equation is 


dq/dt+ eF(q)+9q=0. (4) 


Where we assume further that ¢€ is small but not zero 
and that F(g) denotes a bounded function of the 
velocity for the moment unspecified. 

Equation (4) has received considerable attention from 
workers in the field of nonlinear mechanics. In many 
cases, depending on the form of F(q), the solutions are 
known to be oscillatory and to have the property of 
approaching harmonic oscillations as ¢ becomes indefi- 
nitely small. As a matter of fact a typical solution q(/, e) 
as a function of ¢ can be shown to approach a harmonic 
oscillation in the limit e—0, >. It is found, however, 
that the harmonic oscillation so obtained has a definite 
amplitude or set of amplitudes. This fact is of primary 
importance for this discussion. A very well-known 
example of such behavior occurs when F(¢)=q—1/3¢ 
in which case the equation is that first studied by 
Van DerPol. Here there is a single amplitude of the 
above type which is in fact known to be 2. This result 
means that for ¢ very small and F(q) of the above form 
the steady state is a continuous oscillation g=2 cos/ 
independent of the particular initial conditions from 
which the system starts. In the phase plane this solution 
is a curve of constant radius r= 2, i.e., a circle. 

Equation (4) is generally studied most readily 


through a graphical approach. The time variable can be - 
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eliminated if we introduce the momentum p=dq/dt so 
that (4) becomes 


dp/di+ eF(p)=—q. (5) 
The time variable can then be eliminated to give 
dp/dq=(—eF(p)—q)/p. (6) 


When F(?) is given either in the form of a curve or an 
analytic function, Eq. (6) lends itself to immediate 
graphical solution. The right-hand side of (6) can be 
evaluated graphically in a simple manner for any 
specified value of » and g. Thus for every point of the 
phase plane we are able to determine the slope of the 
solution curve. Evidently by choosing successive points 
along the indicated slopes close to one another we can 
trace out a solution curve. The curve determined in 
this way will, of course, depend on the starting point, 
ie., the initial conditions. For functions F(p) of a 
certain type, however, it is easily seen that there are a 
set of curves, the so-called limit cycles, which every 
solution curve approaches, after a transient period, 
independently of the initial conditions. The only effect 
of the initial conditions is to select a particular member 
of the set of limit cycles. In the case of the Van DerPol 
oscillator there is only one member in the set so that 
the solution curve always approaches a single limit 
curve independently of the initial conditions. 

The details of the graphical solution are easily 
understood by reference to Fig. 1 which is a drawing of 
the phase plane. The first step is to plot on this plane 
the equation g=—«F(p). A possible case is shown. 
Given initial conditions correspond to a point O in the 
plane. Suppose the system is in a state corresponding 
to O; then the slope of the solution curve through 0 is 
found as follows. Draw a line from O parallel to q until 
it intersects the curve g= — eF (p). Drop a perpendicular 
from this point N to the g-axis at M. The line MO thus 
has a slope given by p/[g+«F(p) ]. Thus by using M 
as center and constructing a perpendicular to MO 
through O the line OO’ has the slope [—q—eF(p) ]/p 
which is the required slope through O and thus a new 
point O’ can be determined. The same procedure may 
be used at O’ to determine O”, etc., and the complete 
solution curve may be drawn. 

This graphical analysis has been applied by various 
authors to a wide variety of problems, differing from 
one another in the choice of F(p). It has been found 
from these studies that generally if F(p) is an odd 
function of p a set of limit cycles are determined. 
Further, these limit cycles have the form of circles in 
the pg plane for very small ¢ values. The function 
appearing in the theory of the Van DerPol oscillator 
leads to a single limit cycle while a function such as 
F(p)=sinp leads to a infinite number of limit cycles. 
The number of limit cycles and their separation are 
determined by the particular form given to F(p). 
Especially significant is the number and location of the 
zeros of F(p). 
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IV. THE PLANCK OSCILLATOR 


Eckweiler' has studied the relation between the form 
of F(p) and the amplitudes of the limit cycles for the 
special case of vanishing e. In the phase plane these 
amplitudes are apparent as the radii of the circles 
which are the limit cycles in this case. More particu- 
larly his analysis is concerned with the so-called 
“bifurcation” amplitudes which are the limiting values 
as € approaches zero. We will review Eckweiler’s work 
briefly so that we can see how an F(p) of the required 
form might be determined. The requirement of F(p) is 
that it have among its “bifurcation” amplitudes those 
chosen by Planck. If we denote these amplitudes by 
A, then Planck’s requirement is that the area difference 
between successive allowed cycles be unity. A detailed 
study of the stability of the limit cycles shows there to 
be an unstable cycle separating every pair of stable 
cycles. Now of course it is the stable cycles that are of 
interest to us while Eckweiler’s analysis gives “bifur- 
cation” amplitudes for both stable and unstable cycles. 
To remove this difficulty we will assume that the first 
and every odd-numbered cycle is stable while the even 
numbered cycles are unstable. Planck’s condition is 
then 7A n42°?—2A,°=1 where u is odd. We could assign 
the even numbered amplitudes in any fashion as long 
as they separate the odd-numbered ones. We will 
suppose they also satisfy tA,4.°—2A,?=1 so that in 
general this relation holds for the bifurcation ampli- 
tudes. To completely determine the A, we will then 
take Ay?=0 and A;?>=1/27. Then it follows that in 
general A,2=n/2n. 

Eckweiler assumes a set of periodic solutions of (4) 
to exist for sufficiently small «. We label these q,(/, €). 
These solutions are assumed to be continuous in € so 
that 


limgn(t, €)=qn(t, 0) =A, cost. (7) 
«30 
Further the frequency f(e) which in general depends 


upon ¢€ is assumed to be a differentiable function of « 
so that denoting 27f by w 


dw w(e)—1 
—| = lim —, (8) 
e=0 


de e0 € 





With the aid of these assumptions Eckweiler derives 
an integral equation for the function F(p). We will 
assume F(p) to be an odd function of p although this 
is not necessary. Then if we define G(A) by 


G(A)= f F(A sinf) sintdt (9) 
0 


the bifurcation amplitudes are determined from 
G(A,)=0. Since the A, are specified in our problem a 


1 Eckweiler, Flanders, Friedrichs, John, and Stoker, Studies in 
Non-Linear Vibration Theory (New York University, 1946). 
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Fic. 2. Limiting form of the stable limit cycles for e—0. 


function G(A) can be immediately constructed for 
which G(A,)=0. Once G(A) is specified (9) may be 
considered an integral equation for F(p). Through a 
change of variable? (9) can be converted into Abel’s 
integral equation so that an explicit solution may be 
obtained. Unfortunately the form F(p) takes is quite 
complicated and adds little to this discussion. The 
details of this calculation are given in the Appendix. 


V. DISCUSSION 


The general features of the oscillator with the re- 
quired F()) are illustrated in Fig. 2 where a few of the 
limit cycles are shown on the pg phase plane. The 
system will normally be in a state corresponding to one 
of these limit cycles where the amplitude of the oscilla- 
tion is represented by the radius of the corresponding 
circle and the energy is proportional to the area of the 
circle. We can visualize the systems representative 
point moving from one curve to another due to a 
sudden impulse caused by an interaction with some 
external source of energy. If we observe the system only 
in its steady states the change in energy accompanying 
a change in state will be a definite quantum jump. 
Furthermore, an external agency with energy below a 
critical amount will be incapable of changing the state 
of the system. 

In the steady state the nonlinear term will contribute 
no net energy to the system. Even during a transition 
under an impulsive force it will not contribute anything. 
It makes its effect felt only when the system finds itself 
in a condition not corresponding to one of the limit 
cycles. Under such a condition it judiciously adds to or 
subtracts from the energy of the system until it attains 
a limit cycle. The type of nonlinearity chosen evidently 
calls for some outside source of energy during these 


2 See Appendix for details. 











adjustments. The question of what model of the 
physical system would lead to such a nonlinearity is of 
course the important but difficult one. 

In developing a suitable explanation for the non- 
linearity there are at least two different viewpoints we 
might adopt. We might avoid a mechanical model by 
attempting to introduce a slight nonlinearity into 
Maxwell’s field equations. It can be shown that the 
solution of Maxwell’s equations for the problem of 
blackbody radiation is mathematically equivalent to 
an infinite number of harmonic oscillators. If a non- 
linearity could be introduced into the field equations 
such that each effective oscillator of the infinite set 
could be treated as above the radiation formula of 
Planck could be derived without further hypothesis. 
The amplitudes of the various oscillators or modes 
would be restrained in the steady state to a discrete 
set of values. In this case it appears that the nonlinear 
term would have to be a function of the rate of change 
of the electric field intensity instead of the momentum. 

On the other hand we might seek the nonlinearity in 
a mechanical model. This approach seems to require 
the moving electron to be part of the mechanical 
system. That the damping depends upon the velocity 
as a first order correction can be justified on the basis 
of classical electrodynamics.’ Actually the damping is 
shown to be proportional to the negative of the rate of 
acceleration but in a system that satisfies Eq. (4) it is 
evident that g= —@ to a first approximation and hence 
g=—gq so that we see the damping term may as well 
be considered proportional to the velocity. On the 
other hand there is no suggestion in the classical theory 
of the dependence on velocity required here. This 
would, it appears, only result upon rather special 
assumptions as to the forces which act on an electron. 
These forces, velocity dependent, of course would 
have to lead to negative damping terms in the equation 
of motion reminiscent of similar factors occurring in the 
theory of the maintenance of oscillations in vacuum 
tube circuits. 

All of the above remarks are of course merely specu- 
lation. The basic idea that effects seemingly peculiar to 


3H. A. Lorentz, The Theory of Electrons (J. A. Barth, Leipzig, 
1909). 
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quantum mechanics might be explained on the basis of 
some slight nonlinearity in the classical description has 
been considered quite recently by Hartley‘ and earlier 
by Born.’ (They both deal with modifications of 
Maxwell’s field equations.) The idea has a philosophical 
appeal but working out the details would obviously 
lead to great mathematical as well as physical diffi- 
culties. However it is interesting to conjecture what 
progress could be made in this regard with the help of 
but a fraction of the effort devoted to quantum me- 
chanics in the last fifty years. 


APPENDIX. THE CALCULATION OF F(p) 


We follow Eckweiler’s method in the following. The 
investigation begins with Eq. (9). Certain changes of 
variable are made. 





£= A?; o=£ sin’t; 
1 
F(o!)=H(oc); g()=(2AG(A))/m?. “ 
Then Eq. (9) takes the form 
g 
g=14 f H(o)(¢—0)-Ws. 0) 
0 
The solution of Eq. (2) is well known 
Ed 
nar fe aye (3) 
0 do 


Now g(t) may be immediately constructed for our 
problem since we see from its definition that it must 
vanish for those values of £; £,=A,?=n/2rm. A suitable 
choice then is g(¢) = sin2z£. Using this in Eq. (3) we get 


g 
H(t)=2a! f cos(2x%s)(E—o)-Me. (4) 


F(p) is then determined as 

F(p)= (sign of p)H(p*) (5) 
which can be evaluated in terms of Fresnel integrals. 
~ 4. V.L. Hartley, Bell System Tech. J. 29, 350 (1950). 


5M. Born, Alomic Physics (Blackie and Sons Limited, London, 
1947). 
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The concept of “force acting on a dislocation” (or other imperfection) is intrinsically different from the 
concept of force as used in newtonian mechanics, and must be defined. A definition is given which preserves 
the basic property (1) that the direction of the resultant force gives the direction in which the imperfection 
will actually move if the atomic constraints do not prevent motion. For imperfections in an infinite crystal, 
and assuming linear elasticity, two further properties are established: (2) the parallelogram law of adding 
forces is valid, and (3) Newton’s law of equal and opposite action and reaction is valid. A critical review 
of previous work relating to forces between crystal imperfections is given. 





PART I. INTRODUCTION 


HE introduction of the idea of force into disloca- 
tion theory has proved very useful, but it has 
also resulted in a certain amount of confusion. This 
confusion has led to a lack of agreement in computed 
values of force in certain situations; to a divergence of 
usage of the term force; and, in at least one case, to a 
fundamental misconception as to the behavior of a 
dislocation in a stress field. The discrepancies in com- 
puted values of force have not been serious, inasmuch 
as the calculations were in every case order of magnitude 
calculations. However, dislocation theory has advanced 
to a stage where more precise calculations are now 
possible, and such discrepancies are likely to assume a 
more serious aspect henceforth. In any event the 
divergence of usage ought to be reconciled, and the 
concept of force should be placed upon a firm theoretical 
foundation and its nature made clear. 

Originally an intuitive concept founded in our 
immediate kinesthetic experience, the idea of force was 
adopted and made precise by newtonian mechanics, 
then later introduced into the description of certain 
nonmechanical phenomena. In this latter extension of 
usage the word has a meaning intrinsically distinct 
from its meaning in mechanics. For example, consider 
an infinite crystal containing two positive edge-disloca- 
tions, A and B. We know that they exert a repelling 
force on each other, and in the absence of restraining 
influences, will move apart. Yet if we surround A (or 
B) by any closed surface the “‘free-body” so formed 
will be in equilibrium. (We assume the crystal to be at 
rest, and we disregard thermal motions of the atoms.) 
In fact, explicit use is made of the existence of equi- 
librium in carrying through the computation which 
ultimately leads to a numerical value for the unbalanced 
“force” acting between A and B. The paradox is easily 
explained. The “force” acting between A and B is 
intrinsically different from the forces which act on the 
free-body. Ordinary forces act on masses. A dislocation 
is not a mass, but rather a geometrical configuration. 

The possibility of extending the idea of force to non- 
mechanical phenomena rests upon two facts. (1) In all 
physical phenomena, mechanical or nonmechanical, 


energy changes occur. (2) In mechanical phenomena 
force can be defined in terms of energy changes. 


PART II. FORCE AS A DERIVED CONCEPT 
IN MECHANICS 


II(A). Example of a Mechanical System 


A linear spring AC is fastened (Fig. 1) to a rigid 
support at A and to a cross at D. Three linear springs 
B'D, A'D and C’D are fastened to the cross at D and 
carry couplings at their ends to which the nonlinear 
springs BB’ and CC’ and the linear spring A’’A’ can be 
fastened. Masses A’’, B, and C are fastened to springs 
A” A’, BB’, and CC’, and rest upon a rough horizontal 
plane so that if they are placed in arbitrary (within 
limits) positions as shown in Fig. 2 they will remain 
fixed. 

The spring system in Fig. 1 is a medium capable of 
storing potential energy and releasing it under appro- 
priate conditions. In Fig. 2 the medium does possess 
potential energy, or field energy, and the forces exerted 
by the spring system on the masses A”’, B, and C may 
be called field forces. 


II(B). Definition of Field Force in Terms of Energy 


Remove the rough constraint at C and replace it by 
a workless constraint permitting motion only in the 
given direction, together with an external force sufficient 





Fic. 1. Mechanical model of a perfect crystal AB’A’C; of an 


external set of tractions AA’; and of two imperfections BB’ and 
CC’. 
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Fic. 2. Model of a crystal with two imperfections and external 
tractions. The system is fixed at A, and motion of A”, B, and C 
is prevented by the rough plane upon which they lie. 


to maintain equilibrium. By reducing or increasing the 
external force an infinitesimal amount, permit a small 
displacement ds of C in the required direction. If the 
decrease of field energy which occurs in this displace- 
ment is —dW then the component of field force exerted 
on C in the required direction is defined to be —dW//ds. 

We now emphasize an important condition which 
must be satisfied if the definitions just given are to lead 
to a correct result for a mechanical system. The system 
must be closed everywhere except at the point where 
the force is being defined. In investigating the force on 
C we must make certain that in the small displacement 
the system loses energy only at C and not at A, B, or A”. 

We note also that a correct result for the force would 
not be obtained if one considered only the energy stored 
in AB’A’C’D and neglected the energy stored in the 
springs B’B, A’A”, and C’C. For, in the displacement 
of C, small displacements of B’, A’, and C’ also occur, 
and energy is lost from the restricted system at these 
points. 


II(C). Definitions of Forces of Constraint and of 
Dissipation in Terms of Field Force 


First let us distinguish between statical and quasi- 
statical processes. A statical process is an equilibrium 
situation in which no motion occurs. A quasi-statical 
process is one in which the velocity changes are so small 
that kinetic energy changes may be neglected. 

Then constraining force and dissipative force may be 
defined by the following statements. 

In a statical process the forces of field and of con- 
straint form an equilibrium system. 

In a quasi-statical process the force of dissipation is 
oppositely equal to the component of field force in the 
direction of motion, and the forces of field, dissipation, 
and constraint form an equilibrium system. 
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II(D). Force Exerted by a Field-Producing Entity 


The field-force defined in II(B) is the total force, in 
a given direction, exerted on the mass C by the total 
field. It was defined in terms of changes of total field 
energy. The field energy exists only by reason of the 
presence of the masses A”, B, C in their given positions, 
and, of course, the presence of the medium ABA’C 
itself. If A” and B were removed (e.g., by making the 
plane smooth in the neighborhood of A” and B) there 
would still be energy in the medium and there would 
still be a force exerted upon C. This energy is usually 
called the self-energy of C and the force a self-force. 
(It might be more appropriate to refer to this energy as 
an interaction energy between C and the medium, and 
to the force as the force exerted on C by the medium.) 

If the self-energy of C is subtracted from the total 
field energy the remainder is an interaction energy 
between C and the other sources of field energy A” and 
B, and the force derived from this energy is the force 
exerted on C by A” and B jointly. 


PART III. GENERALIZED CONCEPT OF FORCE 
III(A). Force on an Entity 


If (a) there exists a field, i.e., a distribution of 
potential energy in a medium, and (b) if there exists an 
entity possessing position, and (c) if changes of field 
energy occur as the position of the entity is changed, 
then it is possible to define a quantity which can be 
interrupted as the force exerted on the entity by the 
field. 

If there exists some mechanism which prevents free 
motion of the entity under the influence of the field 
force, then it is possible to define a force of constraint. 

If quasi-static motion of the entity is possible then 
it is possible to define a dissipative force. 

Whenever field force can be defined, then forces of 
interaction between field-producing entities can be 
defined. 

One need only paraphrase Part II in an obvious 
manner to make it applicable to the general situation. 

A crystal containing imperfections provides an ex- 
ample of a situation where the conditions of this section 
are satisfied. 


III(B). The Parallelogram Law and 
Newton’s Third Law 


Consider first a closed system containing field- 
producing entities (1) at £1, m1, £1, and (2) at £o, mo, {2 
We assume that the system is in a unique state and 
possesses a definite amount of stored configurational 
energy. The system can be brought into the above 
state, starting from an energy-free state in either of 
two ways; (2) can be created last, or (1) can be created 
last. Let W, be that portion of the energy used in 
creating (1) which is stored as configurational energy. 
Let W,,2 be that part of the work done in creating (2) 
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in the presence of (1) which is stored as configurational 
energy. With similar definitions of W2 and W2:, and 
using the basic assumption above, one can write for the 
total energy W of the system: Wi+W1,2=W2+Wa). 
Subtract W:i+W,. from both members, obtaining 
W1.2—-W2=W2:1—W;. Denote either of these equal 
quantities by Wi2, where the order of subscripts is 
unimportant. Then W=W,+W2+ Wi». It is clear that 
W, is independent of the position coordinates of (2) 
and Wz is independent of the position coordinates of 
(1). In general W 2 may contain position coordinates 
of both. 

Repeat the above process with (2) in the same posi- 
tion but with (1) displaced slightly in the x-direction a 
distance £;’—&,. Using primes to denote the changed 
quantities one obtains W’= W,’+ W,.'+W,,' and then 


W’—W W/-W, Wr’-Wu 
i-% &'—& 








tng 


The quantities appearing (more precisely, their limits 
as £;’ approaches £;) are, respectively, the x components 
of the total force on (1), the self-force on (1), and the 
force exerted on (1) by (2). Repeat again, holding (1) 
fixed in its original position and giving (2) a slight 
displacement £2’’"— £2 taken equal to — (£;’— £1). 

Then, using double primes to indicate the new 
quantities, 


W”"—W We" —We Wr’ —-Wie 


b’—f,E—Ea bal — be 


Comparing the last two equations one sees that if the 
self-forces are negligibly small and if (W” —W)/(£1'— &1) 
is negligibly small then Newton’s third law is valid. 
But this latter quantity is the self-force exerted on the 
group of two entities regarded as a single composite 
entity. For in the displacement from state W’ to state 
W” the two entities move together in a rigid-body 
displacement. Accordingly we may say that a sufficient 
condition for the validity of Newton’s third law is that 
the self-forces of the entities, both individually and as 
a group, be negligible. The question of the validity of 
the parallelogram law does not arise since only two 
entities are being considered. 

Consider now three field-producing entities. Pro- 
ceeding as above and with an obvious extension of the 
notation one obtains W= Wi+ Wot W3+ Wyott Wo3 
+Wa2:+Wi23; where Wy 2, for example, is identical to 
the Wi. used above, while W123 is a new quantity 
which may contain the coordinates of all three entities. 
The mutual forces between (1) and (2) arise from Wy. 
whereas the force on (1) arising from W423 is a joint 
force involving also (3). Hence the presence of (3) has no 
effect on the validity of Newton’s third law as between (1) 
and (2). It can be seen that additional entities would 
not alter this result. 
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Now give (1) a small displacement, holding (2) 
and (3) fixed. Then: —dW/d&=—0dW,/dE— OW 2/dE 
— OW3:/d&— OW 123/0¢. Transpose the self-force term; 
the equation then states that the force exerted on (1) 
by (2) and (3) together is the sum of the forces which 
they would exert separately plus an additional term. 
In other words: A necessary and sufficient condition 
that the parallelogram law of addition be valid is that 
such quantities as W123, Wiess, «++, if they exist at all, 
be independent of the position coordinates of the 
entities. 


PART IV. APPLICATION TO A CRYSTAL 
CONTAINING IMPERFECTIONS 


IV(A). Mechanical Model of an Imperfect Crystal 


Sufficient generality for our purpose will be obtained 
by considering a crystal containing an edge dislocation 
and a foreign atom and subjected to an external set of 
tractions at its surfaces (Fig. 3). Some part of the 
surface, say A, will be fixed or supported in some manner 
and the remainder A’ will have a set of tractions on it. 
There will in most cases be a region of nonelastic 
stress surrounding each imperfection, such as the foreign 
atom at B and the edge dislocation C. Corresponding 
to this crystal we have the model shown in Fig. 1. The 
fixed portion of the external surface is at A and the 
remainder at A’. The nonlinear spring BB’ and the 
mass B represent the foreign atom and surrounding 
region of nonelastic stress. Similarly C’C and C repre- 
sent the dislocation. The externally applied tractions 
are exerted by A’A”’. The rough plane serves to repre- 
sent the atomic constraints which oppose the motion 
of the imperfections B and C. This model should be 
kept in mind while reading Part V. 


IV(B). Force Exerted on a Crystal Imperfection 
by a Stress Field 


In Fig. 3 there will be a stress field 7 in the crystal 
arising from A’, B, and C. To find the force exerted on 
C by 7 in the direction ds we must calculate the energy 
lost —dW as C moves quasi-statically a distance ds to 
C;. In this calculation the energy changes in the spring 
system must be included, since energy must be allowed 
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Fic. 3. Crystal with external set of tractions and two imper- 
fections. The nonelastic regions are imagined to be removed as 
shown, with an outside agency exerting the tractions necessary 
for equilibrium. 
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to enter or leave the system only at C. To carry out 
the calculation note that every imperfection has associ- 
ated with it a characteristic parameter \ which measures 
its “strength.” For example, in the case of a dislocation 
this parameter is the magnitude of its Burgers vector; 
for a foreign atom, it is the fractional increase in radius 
of the foreign atom as compared to the radius of a 
normal atom. The energy change as the imperfection 
moves from C to C; may be computed as the sum of the 
energy changes which occur in the following process: 
Let the imperfection be reduced to zero strength by 
slowly decreasing \ to zero. Let the imperfection of 
zero strength be moved from C to C,. Let the strength 
be gradually increased to its former value. 

An example of such a calculation is given in a 
previous paper.! 


IV(C). Forces Exerted by Crystal Imperfections 
on Each Other 


It can be shown that Newton’s third law is valid as 
between imperfections in an infinite crystal, i.e., in a 
“large” crystal where the imperfections are not too 
“near” the surface. Consider first a_line-localized 
imperfection, such as an edge dislocation, in a large 
cylinder of radius R. Moving the imperfection a small 
distance dé is equivalent to holding the imperfection 
fixed and displacing the cylindrical boundary a distance 
—dé. In this process energy is lost from a small region 
of crescent-shaped cross section on one side of the 
crystal and gained in a similar region on the opposite 
side. The net change in energy is certainly less than 
that stored between two cylindrical surfaces of radii R 
and R+dé. Since the stresses fall off inversely as the 
first power of the distance from the imperfection the 
latter energy goes as 27Rd£/R?. Hence the self-force is 
certainly exceeded by a quantity of order R~ and for 
large R may be neglected 

For an imperfection not extending clear across the 
crystal but occupying a finite volume surrounding a 
point, the stresses go as R~*. The energy stored between 
two spherical shells of radii R and R+dé goes then as 
4nrR°dt/R®. Hence we may conclude that Newton’s 
third law holds for imperfections in an infinite crystal. 

The validity of the parallelogram law of adding forces 
depends upon the non-occurrence of terms of the type 
W 123, W234, -- + discussed in III(D). If there is a linear 
relation between stress and strain (or, more funda- 
mentally, if there is a linear force-displacement law for 
the interaction of atoms) then such quantities will not 
appear. Since Hooke’s law does not extend to large 
strains, and since, in general, there are always regions 
where the strains are large, we may say that, in a very 
strict sense, the parallelogram law is not valid. However, 
the regions where large strains occur are generally 
extremely small in comparison to the regions where 
elastic strain occurs, so that the terms W4,3, etc., are 


1M, O, Peach and J. S. Koehler, Phys. Rev. 80, 436 (1950). 
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negligibly small as a general rule. It appears that the 
parallelogram law is valid to a very good approximation 
for the imperfections which have been introduced into 
the theory up to the present time. 


PART V. DISCUSSION OF THE LITERATURE 
RELATING TO FORCE 


(A) Mott and Nabarro? (1948) gave the correct result 
that the force per unit length on an edge dislocation 
caused by an externally applied shear stress o in the 
slip direction and on a plane parallel to the slip plane, 
is o\ where X is the magnitude of the Burgers vector. 
The proof was essentially qualitative, depending upon 
the work done in moving the dislocation clear through 
the crystal. Strictly speaking, it was proved that the 
above result was the average force on the dislocation 
during the entire motion. 

(B) T. W. Read and W. Shockley* (1950) defined the 
force on a dislocation as the energy dissipated in moving 
the dislocation through unit distance on the slip plane. 
On the basis of this definition they deduced the result 
of (A) above by a semi-intuitive procedure somewhat 
similar to that used by Mott and Nabarro and subject 
to the same qualification pointed out above. They then 
proceeded to give a rigorous proof of the result, and 
pointed out that it was valid not only for an edge 
dislocation but for any straight line dislocation. 

The definition given has obvious limitations. If the 
dislocation is not moving the externally applied shear 
stress exerts no force on it. The force exerted by 
externally applied stresses other than shear is not given. 
In any case no force component exists except in the 
slip plane. 

In the light of our discussion in Part III the true 
nature of. this definition becomes clear. Read and 
Shockley have given not a definition of the force 
exerted on a dislocation by a field, but rather a definition 
of the force exerted on a dislocation by dissipative 
constraints. This becomes equivalent to the definition 
given by us for the special case in which the dislocation 
is moving quasi-statically and forces exerted by workless 
constraints are zero. 

(C) Koehler* (1941) defined force as the negative 
gradient of the strain energy stored in the crystal. 
Since the stress fields used for a dislocation required 
tractions at the external surface, this must be regarded 
as incorrect on the grounds that the elastic region 
wherein the strain energy was stored did not constitute 
a complete system. The result deduced for the force on 
a dislocation caused by an externally applied shear 
stress and that for the force between two edge disloca- 
tions differ somewhat from the correct results. None 
of the major conclusions of the paper are affected by 
this discrepancy. 


2N. F. Mott and F. R. N. Nabarro, Phys. Soc. (London), 
Bristol Conference Report (1948), p. 3. 

3W. Shockley and R. W. Read, Phys. Rev. 78, 275 (1950). 

4J. S. Koehler, Phys. Rev. 60, 397 (1941). 
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(D) C. Leibfried® (1949) considered separately the 
force exerted on an edge dislocation by an externally 


. applied stress, and that exerted by a stress field caused 


by some other imperfection within the crystal. 


(1) The force on a dislocation caused by external 
means is defined as the negative gradient of the strain 
energy subject to the condition that the points of the 
external surface where forces are applied are to be held 
fixed. The effect of the constraining condition is to 
insure that no work is done at the surface of the crystal, 
i.e., to close the system at the surface. This definition 
is essentially equivalent to ours except that we do not 
insist that the system be closed in a particular manner; 
any way will do. 

The results obtained for an edge dislocation and an 
arbitrary external stress system are shown to apply 
also for a screw dislocation. 

(2) In the case of the force exerted on a dislocation 
by some other internal imperfection Leibfried appar- 
ently reverts to Koehler’s 1941 definition of force, i.e., 
he takes the negative gradient of the interaction strain 
energy stored in the crystal. For the case of two 
dislocations he arrives at the same expression for the 
force in terms of the stress field as above (D)(1). The 
reason is clear: the system is closed. For the case of an 
edge dislocation and a foreign atom he concludes that 
the behavior is essentially different ; that the stress field 
produced by a foreign atom affects the dislocation in a 
different way than that produced by another dislocation 
or an externally applied stress system. 


Leibfried obtains 
o= —4GAR*(R—1)n/(n?+®&), (1) 


by integrating over the cut surface S (see Fig. 4) the 
product of the displacements caused by the dislocation 
and the tractions caused by the stress field of the 
foreign atom. (Here G is the shear modulus, \ the 
magnitude of the Burgers vector, r and R are the radii 
of normal atom and foreign atom, respectively.) Then 
this product is integrated over the internal surface J 
of the crystal located at the foreign atom to obtain 





8(1—2¢) n 
¢’ =————GAR*(R—-r) ’ (2) 
3(1—o) w+? 


(Here o is Poisson’s ratio.) Then (2) is added to (1) to 
obtain the total interaction energy. Our contention is 
that (2) should not be taken into account since in order 
to have a closed system the foreign atom itself must be 
included, and then the transfer of the energy (2) from 
one part of the system to another is a matter of no 
consequence. 

Leibfried states that the foreign atom is thought of 
as incompressible, but he does not treat it so in his 
calculation. Had he done so, his treatment of the 


5G. Leibfried, Z. Physik 126, 761 (1949). 
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Fic. 4. Foreign atom and edge dislocation in an infinite crystal 
(after Leibfried). S is the cut-plane of the dislocation. The 
foreign atom has a radius R, different from the radius r of a 
normal atom. 


foreign atom would have exactly paralleled his treat- 
ment of an external set of tractions on the surface of 
the crystal, and he would have been led to (1) for the 
total interaction energy, a result in complete agreement 
with his previous results regarding the influence of a 
stress field on a dislocation. 

(E) Cottrell® (1947) obtained for the interaction 
energy of a foreign atom and an edge dislocation the 
result, 





4(1+<¢) n 
o” = ————-G)R?(R—-r) (3) 
3(1—«@) r+? 


by integrating over the internal surface J of the crystal 
(Fig. 4) the product of the displacements caused by the 
foreign atom and the tractions caused by the stress 
field of the dislocation. This result neglects the inter- 
action energy stored in the foreign atom, which is the 
negative of (2) above. If this is taken into account the 
total interaction energy becomes (1) above, as indeed 
it must, since we know Newton’s third law is valid for 
the present case. Bilby’ has verified this by direct 
calculation. None of the major conclusions of the paper 
are affected by this discrepancy. 

(F) Bilby’ (1950) has given the following definition: 
“The interaction energy of a given source in a stress 
field is the change in energy of the system, including 
both work done by the external forces and changes in 
the elastic energy of the crystal, which accompanies the 
introduction of the source.” If by system is meant the 
elastic regions of the crystal, and by external forces is 
meant the forces exerted by the system on objects not 
included in the system, then the definition leads to a 
definition of force which is equivalent to that proposed 
in the present paper. Since the words “system” and 
“external forces” appear only in the above statement 
and occur nowhere else in the paper, it is not clear to 
the present writer exactly what was intended. 

Bilby reviews results previously obtained for the 
interaction of two edge dislocations, and an edge dislo- 
cation and foreign atom, noting that in these calcula- 


6A. H. Cottrell, Report of a Conference on the Strength of 
Solids, The Physical Society, London (1948). 
7B. A. Bilby, Proc, Phys, Soc. (London) Sec. A, 63, 3 (1950). 
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Fic. 5. Two edge dislocations in an infinite cylinder (after Bilby). 
A is the cut-plane of dislocation 2. 


tions the stresses for an edge dislocation in an infinite 
medium with tractions applied to the inner boundary 
were used. He then proposes an investigation in which 
the stress formulas for the edge dislocation are modified 
to require zero tractions on the external surface H of 
the crystal and on the internal surface C surrounding 
the dislocation line. The two edge dislocations are taken 
in an infinite cylinder (Fig. 5), one at the origin and 
the second at /, ¥. The cut surface A® for the second 
one makes an angle 2 with the x axis. The Burgers 
vectors have components (Aj/;, 0, 0) and (Az, Azo, 0) 
respectively. The stresses for dislocation (1) are ob- 
tained from the stress function, 


R’ L’r,? 1 i 
yma] -R InR+ - = lous sin®), 
2(L?+r7) 2(1?+1r*) R 





where (R, ®) locate the field point. The three terms in 
this expression are, respectively, (a) the one used by 
previous investigators, which gives the stresses of an 
edge dislocation in an infinite medium, (b) the term 
which makes the tractions zero on the external boundary 
H and, (c) the term that makes the tractions zero on 
the internal boundary C;. Bilby then computes the 
interaction energy by integrating the product of the 
stresses caused by dislocation (1) and the displacements 
caused by dislocation (2) over the surfaces A®, H, Ci, 
and C2. 





PEACH 


According to our conceptions, this integration should 
have been taken over A® only. 

The radius R of the crystal is allowed to become 
infinite and it is shown that the integrals over H, C,, 
and C2 become negligible. 

Our contention is that even if these integrals had 
not turned out to be negligible the correct answer would 
still be given by the integral over A® alone. 

In the integration over A® it is found that the (c) 
term is negligible; the (b) term gives 


W2=ArAalvyLmi(— }—sin’2)+m.2(} sin2&)], (4) 
and the (a) term gives 


W\= AAadvy[ mi (InL— Int— sin’y+ sin?Q) 
+m2(} sin2@—} sin2Q)]. (5) 


It is stated that (5) gives the correct force expressions 
in all cases except when 2=y, in which case (4) must 
also be included. This is apparently a mathematical 
error arising from setting the constant 2 equal to the 
quantity ¥ which, in the differentiation to obtain the 
force, is assumed to be a variable. Since (4) does not 
contain the position coordinate of the dislocation it is 
clear that it can not make a contribution to the force 
under any circumstances. 

The treatment of two screw dislocations proceeds 
similarly to that above. It is shown that the “accurate” 
expression reduces to an integral over the cut surface 
of one of the dislocations. Our contention is that if it 
did not do so, then the “accurate” expression would be 
wrong and the cut integral would be correct. 

The treatment of an edge dislocation and a foreign 
atom proceeds similarly to those above until Cottrell’s 
result (3) is obtained. Then the energy stored in the 
foreign atom is computed, which turns out (as it must) 
to be the negative of an integral already computed 
over the surface of the hole containing the foreign 
atom. When this energy is added (that is, when the 
previously computed integral is struck off) the correct 
result (1) is obtained. 

(G) Peach and Koehler! (1950) derived a general 
expression for the force on a general Burgers dislocation 
in any stress field whatever. No formal definition of the 
force on a dislocation was given but the procedure used 
may be taken to imply a definition equivalent to the 
one laid down in the present paper. All the conclusions 
of that paper are correct on the basis of this definition. 
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Application of the various types of radiofrequency spectral lines to accurate frequency stabilization and 
time standards is surveyed. Pertinent characteristics of microwave gas absorption lines and the various 
types of errors in frequency stabilization due to the nature of these absorption lines or to fundamental 
thermal noise are discussed in detail. It is shown that time standards synchronized with microwave absorp- 
tion in ammonia or resonances in molecular or atomic beams have limits of accuracy of the order of 1 part 
in 10" for a short time, and still smaller limiting fractional errors over longer periods of time. 





INTRODUCTION 


OR a long time physicists have been aware of the 
attractiveness of an “atomic clock,” i.e., a clock 
controlled by some periodic motion in the atomic world. 
Periodic motion of macroscopic matter, such as are 
traditionally used for measuring time intervals, are 
all subject to variations because macroscopic matter is 
complex and subject to many varieties of small changes. 
Even the period of rotation of the earth is known to 
have varied as much as three parts in 10*® during the 
last 50 years. Since atomic or molecular systems are 
made of a small number of fundamental particles, their 
periodic motions tend not to be subject to small changes. 
The spectral lines of an ammonia molecule or a cesium 
atom, for example, might be expected to remain un- 
changed unless something rather violent occurs such as 
a disruption of the molecule or atom. Only in recent 
years have radio techniques and known sharp molecular 
and atomic lines overlapped in frequency so that elec- 
trical devices and therefore mechanical clocks can be 
controlled by spectral line frequencies.' 
The known sources of sharp radiofrequency lines are: 


1. Nuclear precession in an external magnetic field. 

2. Nuclear quadrupole coupling to electrostatic fields 
in solids. 

3. Molecular rotational and other frequencies de- 
tected by absorption of microwaves. 

4. Hyperfine structure and other resonances de- 
tected by atomic or molecular beam techniques. 


Resonances of type 1 have frequencies which are 
proportional to the externally applied magnetic field 
and hence may be variable. Resonances of type 2 may 
give useful frequency standards in the range of a few 


*Work done under the auspices of the National Bureau of 
Standards. 

t Consultant Physicist, National Bureau of Standards. 

1 E. W. Fletcher and S. P. Cooke, Cruft Laboratory, Harvard 
University Technical Report No. 64, (May 15, 1950) ; W. D. 
Hershberger and L. E. Norton, RCA Rev. 9, 38 (1948) ; H. Lyons, 
Phys. Rev. 74, 1203 (1948)T; 76, 161 (1949) ; Har. Instit. Amer. 
Jour. 4, 11, Feb a” 7, March (1949) ; H. Lyons, J. Appl. Phys. 
21, 59 (1950) ; J. L De Quevedo and W. V. Smith, J. Appl. 
Phys 19, 831 (1948) ; smith: De Quevedo, Carter, and Bennett, 

J. Appl. Phys. 18, 1112 (1948) ; Townes, Holden, and Merritt, 
Phys. Rev. 74, 1113 (1948). 


hundred megacycles, but their characteristics are not 
yet very completely known.{ 

Both type 3 and 4 resonances are very promising for 
frequency standard and clock applications, and use of 
resonances of type 3 has already been discussed.! It is 
our purpose to analyze some of the various characteris- 
tics of the resonances themselves which affect the per- 
formance of electronic oscillators synchronized to these 
resonances. By far the most attention will be given to 
microwave absorption resonances (3) because they are 
the most popular type for frequency stabilization and 
are much more susceptible to a general treatment. 


WIDTH OF SPECTRAL LINES 


A truly isolated, undisturbed, and stationary mo- 
lecular system would have the attractive feature of 
definite and fixed energy levels, but various types of 
unavoidable disturbances do in fact vary the energy 
levels, giving a width to spectral lines and varying their 
average or center frequencies. The sources of spectral 
line broadening which need to be considered are: 


1. Natural line breadth. 

2. Doppler effect. 

3. Pressure broadening, i.e., disturbances due to 
collisions between molecules. 

4. Collisions between molecules and the walls of a 
containing vessel. 

5. Saturation broadening. 


The natural line breadth may be interpreted classi- 
cally as due to radiation damping, or quantum me- 
chanically as a disturbance of the molecule by zero- 
point vibration of electromagnetic fields which are 
always present in free space. For a transition of fre- 
quency v from an excited state to the ground state of a 
system, zero-point electromagnetic fields give an ab- 
sorption line a half-width at half-maximum intensity of 


Av= (322° /3hc*) | u|?, (1) 


where yu is the quantum-mechanical matrix element of 
the dipole moment-usually of the order 10~'* esu. For 
radiation of 1 cm wavelength, Av is from (1) approxi- 


t For a discussion of some of their predictable properties, see 
R. V. Pound, Phys. Rev. 79, 685 (1950). 
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mately 10-7 cycle/sec. For radiofrequencies and ordi- 
nary temperatures, thermal radiation consists of 
stronger electromagnetic fields than the usual zero- 
point fields, since each mode of vibration of the field 
has a mean energy kT rather than }hv. Allowing for 
broadening of both ground and excited states, this 
increases the value of Av by a factor 4&7 /hyv or approxi- 
mately 800 for room temperature, giving a “natural” 
width of 10~ cycle/sec. Although natural line breadths 
are of considerable importance in spectral regions of 
higher frequency because of their dependence on >, 
this breadth of 10~ cycle/sec is completely negligible 
in comparison with other broadening processes to be 
discussed. 


The Doppler effect occurs when a molecule is moving ° 


parallel to the direction of propagation of the radiation 
being absorbed, and gives a frequency shift of +»(v/v,) 
where v is the resonant frequency without Doppler 
shift, »v the molecular velocity, and v, the velocity of 
phase propagation of the radiation. Although under 
some conditions v, may be larger than c¢, e.g., for pro- 
pagation in a wave guide near cutoff, usually »,~c, and 
the fractional frequency shifts are simply v/c. The 
probability that a molecule in a gas at temperature T 
has a velocity v in a particular direction is proportional 
to exp(—mv’/2kT), where m is the molecular mass. 
Hence the line intensity as a function of change ¢ from 
the resonance frequency is exp[(—mc?/2kT)(¢/v)?]. 
The line is consequently symmetric and has a half- 
width at half-maximum of Av=(v/c)((2k7/m)log.*)!. 
For an ammonia molecule at room temperature, Av/v 
=1.5X10~-*. Doppler effect can be decreased to some 
extent by use of heavier molecules and lower tempera- 
tures, but a decrease in line width of more than a 
factor of two can hardly be expected because at low 
temperatures molecules do not have sufficient vapor 
pressure (~ 10~? mm of Hg) to absorb radiation.§ 

Although the Doppler effect gives the same frac- 
tional breadth Av/v for any frequency, the effects of 
intermolecular collisions give a fixed breadth Av inde- 
pendent of the resonant frequency and hence are con- 
siderably more noticeable in the microwave region than 
in other spectral regions. The line shape and intensity 
are given to a good approximation by Van Vleck and 
Weisskopf’s expression.” 


§ G. Newell and R. H. Dicke, Phys. Rev. 81, 297(A) (1951), have 
developed a technique not yet described in detail, of selecting only 
molecules in a certain narrow velocity range, and thus decreasing 
the effect of Doppler broadening on the line width by a factor of 
ten or more. This technique may prove very useful, but it does not 
improve the theoretical limit of accuracy of stabilization. This is 
because the pressure must be lowered so that pressure broadening 
is considerably less than Doppler broadening, and in this process 
the absorption intensity is decreased. In addition, the power 
traversing the gas must be decreased to avoid saturation, which 
further decreases the intensity of the observed signal. The net re- 
sult is a narrower but weaker line with an actual decrease in theo- 
retical accuracy of stabilization. In some practical cases, however, 
their technique may have advantages. 

* J. H. Van Vleck and V. F. Weisskopf, Revs. Modern Phys. 
17, 227 (1945). 
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8x Nf 1/27 
y= nl 
3ckT (v—vo)?+ (1/227)? 
1/2mr 
7 (2) 
(v-+ »)?-+ (1/27)? 
where, 


1—e~-7~y is the fraction of power of frequency »v ab- 
sorbed per centimeter from a plane wave, 

N is the number of molecules per cc, 

f is the fraction of molecules in the lower state of the 
transition of resonant frequency vo, 

|u|?=|us|*+|u,|*+|u.|? is the square of the dipole 
matrix element for the transition, 

t is the average time between collisions for an in- 
dividual molecule. 


At pressures less than 1 mm of Hg the second term 
in the brackets of (2) is not of great importance, and the 
line shape due to collision effects becomes that of a 
typical resonance curve, 


y= (80°N f/3ckT) | u|?v*Av/[(v—vo)’+(Ar)*]. (3) 


The line half-width Av, which is proportional to the 
number of collisions per second, is, of course, directly 
proportional to the gas pressure if the pressure is low 
and if the temperature is held fixed. Unfortunately, its 
value, dependence on molecular parameters and on 
temperature cannot be accurately predicted by theory. 
Nor can it be deduced from any experimental measure- 
ment other than a direct measurement at some pressure 
for the absorption line in question. A very rough value 
of Av for many gases is 15 megacycles/sec for a gas 
pressure of 1 mm of Hg. 

An important result of (3) is that as long as pressure 
broadening is the primary source of line breadth, the 
value of y at resonance (v= vo) is independent of pres- 
sure. For then y=82°NVfv?/3ckTAv, and both NW and 
Av are proportional to pressure. 

Absorption of radiation by a molecule may be dis- 
turbed either by a collision with another molecule, or 
with the walls of a containing vessel. The average 
number of collisions per second per molecule with the 
walls is given by A/V(RT/2xM)! where A is the wall 
area, V the volume of the inclosure, M the molecular 
weight of the gas, and R the gas constant. An absorp- 
tion line would have a half-width due to these collisions 
of approximately Av=(A/2xV)(RT/2xM)!. For am- 
monia gas at room temperature in a long K-band wave 
guide (cross section 1 cm by 0.5 cm), the resulting 
half-width is 7 kilocycles. Although this source of line 
broadening is not negligible, its effect is usually small 
compared with other types of broadening. 

Still another cause of line broadening, and one pe- 
culiar to radiofrequency spectroscopy, is saturation’ of 


3 C. H. Townes, Phys. Rev. 70, 665 (1946) ; B. Bleaney and R. P. 
Penrose, Proc. Phys. Soc. (London) 60, 83 (1948); R. Karplus 
and J. Schwinger, Phys. Rev. 73, 1020 (1948); H. S. Snyder and 
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the ability of the gas molecules to absorb due to large 
radiation intensities. This saturation is not connected 
with a distortion of the molecule because of excessive 
excitation by the electromagnetic wave as might be 
expected from classical theory. Each molecule which 
is in a state to absorb the particular frequency of in- 
terest does so only by being promoted to a higher 
energy state in which it can absorb no more energy of 
this frequency. After an average time /, called the re- 
laxation time, this molecule may make a collision and 
return to its original state. If the rate of absorption of 
quanta is comparable with or greater than the relaxa- 
tion rate, then the gas absorption coefficient is no longer 
independent of radiation intensity, but decreases as the 
intensity is increased. As pointed out above, as long as 
pressure broadening dominates, the absorption coeffi- 
cient at resonance is independent of pressure. This 
means that each molecule absorbs more quanta per 
second as the pressure is decreased. Furthermore, since 
redistribution of energy after absorption depends on 
collisions, the relaxation time increases as pressure is 
decreased. Hence the power at which saturation effects 
become evident is proportional to the square of the 
pressure. For a typical case, saturation may be observed 
at a gas pressure of 10-* mm of Hg with a radiation flux 
of 1 milliwatt per square centimeter. 

A general expression for the absorption coefficient, 
replacing (3) if power saturation occurs, is 


8° Nf 
M 
3ckT 





7= 


| war |2v? Ap 
x , 
(v—v9)?+ (Av)?+ (82?/3ch) | was |2v-T-t- Av 





(4) 


where the summation is over the various magnetic 
quantum numbers M or molecular orientations and 
|u|? is the square of the dipole matrix element ||? 
for a particular value of M. This summation is neces- 
sary because molecules of different orientations saturate 
at different values of radiation intensity 7. However, 
the sum may be approximately represented by one 
term with a typical value of the dipole matrix element 
\uw| in the denominator and >> |u|?= |u|? in the 
numerator. Here ¢ is the relaxation time and J is the 
radiation intensity in terms of number of quanta per 
second per unit cross-sectional area. It has been found 
experimentally** that at least in the case of ammonia, 
each molecular collision which is effective in broadening 
the microwave absorption lines is also effective in re- 
distributing the energy absorbed by the molecule, so 
that ‘=1/2rAv. If the radiation frequency is varied 
slowly over the absorption line, and if we approximate 
(4) by using only one term in the summation, the line 
shape from (4) is again a resonance curve as in (3), but 





P. I. Richards, Phys. Rev. 73, 1178 (1948); R. L. Carter and 
W. V. Smith, Phys. Rev. 73, 1053 (1948). 
*R. Karplus, Phys. Rev. 74, 223 (1948). 


with a half half-width of 
Av(1+ (82? | wag |2vJt/3chAv))}. (5) 


Here |u|? represents a typical value of |u|*. Thus 
saturation is noticeable if (82*|usy|?vJt/3chAv) be- 
comes as large as unity or I> (3ch(Av)*/4|u|*v). Here 
t has been set equal to 1/2rAv, which is actually only 
its upper limit, and |u|? has been approximated by 
|u!?. 


VARIATION OF APPARENT SPECTRAL FREQUENCIES 


Having discussed the various causes of damping or of 
line width, we can now turn to an examination of the 
apparent constancy of line frequency. As long as a 
molecule is completely free and stationary, its fre- 
quencies are immutable—in pleasant contrast to fre- 
quencies of larger systems. Actually, however, the 
molecule must be contained as a gas and will be subject 
to some variations of pressure and temperature as well 
as to the influence of miscellaneous external electric, 
magnetic, and gravitational fields. 

Expression (2) allows no change in the theoretical 
resonance frequency vp with pressure or temperature. 
However, any device stabilized on the frequency of the 
absorption line would hardly be able to take into ac- 
count the entire shape of the line and deduce vp. Rather, 
such a device would probably choose as the fiducial 
frequency either the frequency where maximum ab- 
sorption occurs, or the average of two frequencies on the 
steep slope of the absorption curve which show identical 
absorption. These frequencies will be slightly affected 
by the unsymmetrical shape of the absorption curve 
and hence by changes in Ay or 1/277, due to variation 
in pressure or temperature. 

The frequency for maximum absorption when Avvo 
is given by 

v= vol 1+(Av/v)?]. (6) 


For a typical case, Av/vp might be 1/50,000 and a 10 
percent change in Av due to a 10 percent change in 
pressure would correspond to a variation in the fre- 
quency » of 8 parts in 10". For lower pressures or smaller 
Av, this variation would be smaller. Temperature varia- 
tions would be less troublesome than pressure varia- 
tions. A 10°C variation in temperature at room tem- 
perature would not vary Av more than 2 percent and 
hence the apparent frequency would be constant to 1.6 
parts in 10". 

If the resonant frequency is taken as the average of 
two frequencies on the steepest slope of the absorption 
line which undergo the same absorption, then the fre- 
quency obtained is 


v= volL_1+3(Av/v)*]. (7) 


For this case, a 10 percent change in pressure gives 
half as much shift as for the previous case, or 4 parts 
in 10", 

There is, however, a somewhat more insidious type 
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of frequency variation which accompanies variation 
with pressure. The Van Vleck-Weisskopf expression (2) 
for the shape of an absorption line is strictly correct 
only under the assumptions that 


a. Collisions between molecules take place in a time very short 
compared with the period of oscillation of the radiation. 

b. Each collision is violent enough so that after the collision 
the phase of the molecular oscillation is completely independent of 
its phase immediately before collision. 


For frequencies in the infrared region, it is well known 
that these assumptions are not correct, and the equiva- 
lent of expression (3) becomes 


y= 80 N f/3ckT | u|*v?Av/(v—vy—aAv)?+(Av)? (8) 


where a is of the order of 1 or 7s. Thus the apparent 
resonant frequency shifts due to intermolecular forces 
by an amount that is proportional to pressure and is of 
the order of Av. For all lines studied in the microwave 
region, the constant a has been undetectably smali— 
certainly less than 1/20 at low pressures. However, 
even for a value of a as small as 1/20, a 10 percent 
change in pressure would correspond to a frequency 
change of 1 part in 10’ if Av/v is 1/50,000. It is, there- 
fore important to study the magnitudes of the con- 
stant a for various cases if high stabilization accuracy 
is to be achieved. Probably it will be possible to choose 
an absorption line for which @ is extremely small, but 
better methods of measuring this shift in resonant fre- 
quency must be devised before a good choice of an 
absorption line for a high accuracy frequency standard 
can be made. 

For ammonia, the only shift in resonant frequency 
which has so far been detected is of a somewhat different 
type. It occurs importantly only at high pressure, and 
is proportional to the square of the pressure. Margenau® 
has discussed the theory of this effect and given the 
formula v=vo(1—0.36p*) for the apparent resonant 
frequency, where p is the pressure in atmospheres. 
Therefore, for 10-? mm of Hg pressure, a 10 percent 
change in pressure would produce a shift of 3 parts in 
10". 

Stark effects, i.e., shifts in resonant frequency with 
application of an electric field, are very easily obtained 
in the microwave region. Certain special types of ab- 
sorption lines, such as those produced by symmetric 
top molecules, are extremely sensitive to electric fields 
and split symmetrically into a number of components 
separated by a number of megacycles with the applica- 
tion of fields as weak as a few volts per centimeter. 
More characteristically, microwave absorption lines 
split up unsymmetrically with the application of an 
electric field, the magnitude of the splitting being pro- 
portional to E’, the square of the field strength, and re- 
quiring several hundred volts per centimeter for a 
splitting of a few megacycles. In the case of the strongest 

5 R. R. Howard and W. V. Smith, Phys. Rev. 79, 128 (1950) ; 


C. H. Townes, Phys. Rev. 70, 665 (1946). 
* H. Margenau, Phys. Rev. 76, 1423 (1949). 


ammonia line (the 3, 3 line at 23,870 Mc) the absorp- 
tion is split into several component lines,’ the strongest 
of which is at a frequency in megacycles v= 23,870 
+2.5X10°E*. Thus, for E=200 volts/cm, its fre- 
quency is 23,871 Mc. For a displacement due to E less 
than one part in 10", E must be kept less than 1/30 
volt/cm. Since normally microwave absorption would 
occur inside a conducting wave guide, frequency shifts 
due to spurious electric fields present no serious problem. 

Fortunately, stray magnetic fields, such as the earth’s 
field, produce essentially no shift in the frequency of 
microwave lines for normal molecules. Most molecules 
are in ')” states for which the electronic magnetic mo- 
ments completely cancel. The molecules therefore have 
only very small magnetic moments of the order of a 
nuclear magneton. In addition, the rather small mag- 
netic effects which are present are almost completely 
symmetric, so that they only broaden the line slightly 
without shifting its center. The amount of broadening 
for '° type molecules is roughly u»H/h; where u, is a 
nuclear magneton, H the magnetic field in oersteds, 
and h is Planck’s constant. Numerically, this is approxi- 
mately 1000 H cycles/sec, and hence is negligible. 
However for certain unusual molecules such as O, 
which are not in ')) states, the splitting or broadening 
is roughly u.fH/h, where u, is a Bohr magneton, which 
is 1837 times larger than yun». In these cases, even the 
earth’s magnetic field of approximately 1 oersted can 
produce a splitting of nearly 1 Mc. 

A uniform gravitational field does not effect the ap- 
parent frequencies of molecular or atomic systems if the 
frequency measurement is made at the same gravita- 
tional potential as the oscillating system. A non-uniform 
gravitational field could in principle change molecular 
frequencies, but this effect is actually insignificant. The 
most interesting and significant effect of gravitational 
fields on frequencies is connected with the principle of 
general relativity that if two identical clocks (or oscil- 
lating systems) at gravitational potentials which differ 
by A@ are compared, the one at lower gravitational 
potential appears to run more slowly by a fractional 
amount A@/c*. This change may be explained on a 
rather simple basis.* If time signals in the form of pho- 
tons of frequency v, energy hv, and mass hy/c? are sent 
from one gravitational potential to another, they must 
lose energy of an amount hvAd@/c?. The loss in energy 
corresponds to a change in frequency such that 


hAv=hvAd/2 or Av/v=Ad/c. 


Thus if an atomic clock were operated at sea level and 
signals sent from it to another identical clock at an 
altitude of 20,000 ft, the lower clock would appear to 
be slow by approximately 5 parts in 10-". This effect 
is small, but its detection and measurement would be of 
considerable interest. 


7J. M. Jauch, Phys. Rev. 72, 715 (1947). 
8A. S. Eddington, Stars and Atoms (Yale University Press, 
New Haven, Connecticut, 1927), p. 123. 
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ATOMIC CLOCKS AND FREQUENCY 


SYNCHRONIZATION OF OSCILLATOR WITH 
SPECTRAL LINES 

Having examined the characteristics of microwave 
absorption lines and their constancy under various 
conditions, we now consider the accuracy with which 
it is possible to synchronize a macroscopic electronic 
oscillation with that of the atomic or molecular system. 
This might be called the electrical engineering phase 
of the problem. However, only the fundamental limita- 
tions in accuracy of this synchronization will be dis- 
cussed here, not the details and difficulties of particular 
circuits, even though for actual construction of an 
atomic clock these latter may be the more important. 

Our problem can be specified by considering micro- 


' waves of a particular frequency transmitted through a 


wave guide filled with gas having an absorption line 
in the neighborhood of this frequency. The microwaves 
are detected after transmission. If a frequency change is 
to be detected, this change must correspond to a varia- 
tion of absorption which results in a change in the 
detected signal larger than random fluctuations of 
thermal noise. Criteria must be developed for the wave 
guide dimensions, type of gas, gas pressure, microwave 
power, etc., which allow an optimum of this signal-to- 
noise ratio. 

If the wave guide has a fractional loss per unit 
length a, and the gas absorption coefficient is y, then 
of the microwave power Po introduced into a wave 
guide of length /, Poe~‘«t”! will be transmitted. A 
change Ay in the gas absorption produces a change 
AP=-— Ple~‘**'Ay in the transmitted power. The 
change may be regarded as due to side-band signals of 
total power (when added in phase) (AP)?/16Poe~(et!, 
This signal power must be comparable with, or greater 
than, the power 2kT Af due to thermal radiation which 
is transmitted along the length of the wave guide and 
received in the detecting system. Here Af is the band 
width of the signal amplifier and receiving system. 
Hence, 

PoP?(Ay)*e~— 8" /162> 2kTAS. 
The minimum detectable change in absorption co- 
efficient is then 


Ay= (4/l)(2kTAf/Po)'e et", (9) 
Differentiation of (9) with respect to / allows a deter- 
mination of the optimum length of absorption cell, 
that is the length giving the smallest detectable change® 
Ay 

lop= 2/(a+y7). 


Aymin= 2e(a+)(2kTAS/Po)'. (11) 
The absorption coefficient of a line given by expres- 
sion (2) may be written approximately as 
*Y max (Av)? 
1= ; (12) 
(v—v0)?+ (Av)? 


°C. H. Townes and S. Geschwind, J. Appl. Phys. 19, 795 
(1948) ; W. Gordy, Revs. Modern Phys. 20, 668 (1948). 


(10) 
Then 
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where max is the absorption coefficient on the peak of 
the line, or when v= vo. 

Some of the devices used at present for setting on a 
spectral line set on the peak of the absorption. In that 
case, a change Ay in y occurs if the frequency » differs 
from vo by an amount ¢ where 


Ay \? 
<= A0( ) ‘ 
2+ Y¥max 


Considerably better performance can be obtained by 
using the steep slopes of the absorption lines, since 
then a small change in frequency corresponds to a 
greater change Ay. For a distance from resonance 
v—vo=adp, 


(€/v) = (Ay(a?+1)?/2aymax)(Av/v). 
Using (11), the smallest detectable fractional change in 


frequency is 


e e(a 24-1)? Ap 
« a +y7)(@+ 1) ~ RT As/ Po)! 


v @Y max 





(13) 





(14) 


For Ymax considerably smaller than a, the smallest 
value of «/v, or the steepest part of the resonant curve, 
is obtained when a=+($)!(v=o+(3)!Av). Best per- 
formance for larger values of ymax is obtained somewhat 
farther from the resonance frequency. For the other 
extreme y>>a, optimum values of a are +1. Thus for 
optimum a, the part of (14) which is written (a+~)(a? 
+1)?/aymax goes between the values (16/3V3)(a/Ymax) 
when Ymaxa and 2 when Ymax>>a. For strong ab- 
sorbers such as NH;z, it is possible to have ymax>a, sO 
that the minimum detectable frequency change given 
by (14) becomes 


e/v=2e(Av/v)(2kTAS/Po)!. (15) 


The above expression would indicate that the error 
in frequency stabilization could be made arbitrarily 
small by making Av or T small or v or Po large. It has 
already been mentioned however, that Av/y cannot be 
made smaller than the value 1/c(2kT log.2/m)! given 
by the Doppler effect, and that T cannot be reduced 
indefinitely without reducing the gas pressure to too 
low a value. Usually an upper limit to the power Po 
is set by saturation effects, so that the only method of 
obtaining an arbitrarily small error is to decrease the 
band width Af. 

If a particular absorption line is considered, an opti- 
mum power flux can be determined. Equation (5) gives 
an apparent half-width when saturation occurs which, 
when inserted in place of the Av occurring in (15), gives 


€ “(1 Sx? | u|2vTt\ * f2kTAS\? 
(aay (2 
v v 3chAv P. 0 
Since J, the number of quanta per second per unit cross- 
sectional area, is directly proportional to Po, this ex- 











pression approaches a limiting value for large Po, and 
differs from the minimum value by only a factor of v2 
when saturation first becomes noticeable, i.e., when 


P 3ch(Av)? 
~All? 


If the cross-sectional area of the wave guide is A, then 
P,=AhvI, and for power Po large enough to give 
saturation, 


e/v= (8e| u| /h)(RTAS/3cAr’)}. (16) 


This expression very significantly does not contain the 
line width Av. The advantage in sharpness of the line 
which is obtained by decreasing Av is just counteracted 
by the loss in sensitivity due to power saturation of the 
absorption. Thus there is no strong reason for attempt- 
ing to attain lines so narrow that their width is deter- 
mined by Doppler effects. In practice a very wide line 
is not desirable because the maximum power available 
P, and the power at which efficient detectors operate 
is usually near one milliwatt. In addition, nonfunda- 
mental variations of circuit response with frequency 
cannot be eliminated, and hence a sharp line is desirable 
to minimize their effects. However, Eq. (16) does show 
that so far as the limitations of thermal noise are con- 
cerned, the line width is unimportant, and can be ad- 
justed to any convenient value. Since saturation of 
most spectral lines occurs with line widths of about one 
megacycle and a power flux of a few milliwatts per 
square centimeter, pressures such that the line is some- 
what narrower than one megacycle would be a conveni- 
ent choice. Of course, the radiation density or the field 
strength is not uniform throughout the wave-guide 
cross section nor throughout the length of the guide 
because of attenuation. However, a reasonably accurate 
approximation for ¢/v is obtained by considering the 
“average” saturation condition at the end of the guide 
where the radiation is introduced. 

If the cross-sectional area of the wave guide is in- 
creased, the error given by (16) is reduced. However, 
it is generally not advantageous to increase the cross- 
sectional area of the wave guide to such a point that 
more than a few modes of the microwave radiation 
are propagated, because difficulties with the trans- 
mission properties of the wave guide and associated 
circuits are then encountered. Hence each cross-sec- 
tional dimension of the wave guide must be approxi- 
mately equal to one wavelength A, or A~(c/v)?. We 
then obtain 


«/v= (8e| u| /he)(RTAS/3c)}. (17) 


For a numerical evaluation of (17), the specific case 
of the strongest ammonia line, the 3,3 line at 23,870 
Mc, is of interest. Taking T=200°K and Af=1 cycle/ 
sec, one obtains, since n= 1.4X 10~"* esu, 


e/v=5X10-. (18) 
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This more or less fundamental limit in the frequency 
accuracy obtainable from absorption of microwaves in 
a gas during one second is thus considerably better 
than any present frequency stabilization. 

It might be objected that an oscillator observed for 
only one second must have a spectral width of about 1 
cycle/sec. For a frequency of 3X10"° cycles/sec, this 
would represent a fractional spectral width consider- 
ably greater than the accuracy given by (18). This 
accuracy refers only to the mean of the spectral dis- 
tribution, and would still apply as long as the dis- 
tribution is considerably smaller than the width of the 
absorption line. For longer times (smaller Af) this 
apparent difficulty does not arise. 

Even though actual accuracy obtained is likely to 
be limited for a long time by technical difficulties of a 
less fundamental nature than thermal noise, the ex- 
pressions given above may be of some help in evaluating 
the importance of various parameters in determining 
accuracy. Expression (17) indicates that the ultimate 
accuracy is not dependent on the resonant frequency. 
It must be remembered, however, that this expression 
assumes losses in the wave guide are not larger than 
attenuation due to the gas and that an absorption path 
long enough to attenuate by a factor e” is assumed. In 
addition, power enough to saturate the lines is assumed 
to be usable. For low frequencies or weak lines a more 
general expression of the type (14) is more appropriate. 
However, since for ammonia the conditions validating 
(17) can easily be fulfilled, very little additional ac- 
curacy can be gained by use of any gas other than am- 
monia, except by decreasing |u|. Oxygen is one of the 
very unusual cases for which |u| is smaller than for 
NH; by a factor of about 100 because the dipole 
moment is of magnetic rather than electric origin. 
For oxygen, it would be difficult to satisfy conditions 
validating (17). In addition, oxygen resonances would 
be somewhat disturbed by the earth’s magnetic field 
due to the unusually large Zeeman effect mentioned 
above. However, if power sources and detectors near 
5-mm wavelength are perfected, oxygen absorption lines 
may be useful for accurate frequency stabilization. 

If a number WN of “atomic clocks” stabilized on spec- 
tral lines are constructed and compared with each other 
and each has a fractional error ¢/v, the error of their 
average time, assuming the errors are of fundamental, 
and hence random origin, will be ¢/»(N)}. Similarly 
from (14) or (17) if the band width is made narrower 
than the 1 cycle/sec chosen for the example calculated 
by a factor n, or the clock’s time is averaged over a 
period of ” seconds instead of 1 second, the expected 
fractional error is reduced by a factor ()!. Thus the 
theoretical fractional clock error decreases as the in- 
verse square root of its running time, while the absolute 
value of the error increases continuously as the square 
root of this time. 








ee SOO OO OT i‘ 





ATOMIC CLOCKS AND FREQUENCY STABILIZATION 1371 


USE OF DISPERSION 


The above discussion has considered using only the 
absorption of a molecular resonance in order to sta- 
bilize an atomic clock. The dispersion, or reactive part 
of the resonance is equally usable. Figure 1 shows the 
behavior of the anomalous dispersion or variation in the 
dielectric constant near a resonant absorption. Near 
an absorption line give by (12), the dielectric constant 
of the absorbing material can be written 


K=Kot+(A(mo— v)/Av)y 
= Ko+A(vo— V)¥maxAv/[(v— vo)?+ (Av)? ] (19) 


where Ko is the dielectric constant some distance on 
either side of the line, and other quantities are as de- 
fined for expression (12). For a gas at low pressure, Ko 
may be taken as 1 and K is not very different from 1, 
so that 


n= Kt=1+X(vo— v)y/2Ap. (20) 


In order to use the dispersion to give a signal, some 
microwave circuit must be used which detects the 
change in phase of the signal. If the microwave voltage 
appearing at the output of a wave guide of length / is 
V exp(—al/2)sin2rvt, where a is the attenuation con- 
stant of the guide as before and V» is the input voltage, 
then from (20) the output voltage when the guide is 
filled with gas is 


1(vo—v) 
V = Voe~ (et v/2) sn| Qe" 
Av 


(vo—v)yl 


= Veter indent cos 
Av 


(vo— 
+cos2rvt sine} (21) 
Av 


The out-of-phase signal due to the gas dispersion is 


_ (vo—») 
S= Voe~(et14/2) sin-————-y] cos2rvt. 
Av 


This signal can be shown to change most rapidly with 
frequency at the steepest slope of the dispersion curve, 
i.e., at vo=v. In that case 


V or Ymax! 
= ———<¢-(Ymaxt a li2¢ 


Av 


where ¢ is the change in frequency vp—v. The error 
signal AS is a maximum with respect to guide length / 
when (a+max)/=2, which is very much like the opti- 
mum length for absorption, given by (a+~7)/=2. Hence 


V 24Y maxe 
Pe entice (22) 


Ymaxt a 














Fic. 1. Loss and dispersion near a spectral line. If ymax is 
written for the peak value of the absorption coefficient , then the 
variation in the dielectric constant K—Koy between maximum 
and minimum is ymax, where \ is the wavelength. 


The power in this signal is proportional to (AS)?, and 
may be written 


ap= Py = 


21 maxe € ) 
Ymaxta Av 


where P» is the initial power introduced into the wave 
guide. If this power is equal to thermal noise kTAf, 
then the fractional frequency error is 


€/v=((atYmax)eAv/2rymaxv)(RTAS/Po)'. (23) 


Use of dispersion, therefore, gives not only essentially 
the same optimum length for the microwave path in 
gas, but also within a small factor the same fractional 
frequency error as is shown by comparing (23) and (14). 


USE OF ATOMIC OR MOLECULAR BEAMS 


Spectroscopic lines detected in molecular or atomic 
beams are also of great interest as frequency standards. 
For this type of spectroscopy, a beam of atoms or 
molecules usually travels through a region in which 
there is a radiofrequency field. If the field is of proper 
frequency, some particles in the beam undergo a transi- 
tion, after which they may be separated from particles 
which have not made a transition, and then detected. 
Very sharp resonances can be obtained because the field 
can interact with the particles over a comparatively 
long time, and may be oriented with respect to the 
particle velocities so that Doppler effects are essentially 
eliminated. 
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If a radiofrequency field interacts with particles in 
a beam during a time / (not necessarily continuously), 
then if a resonant response occurs, it may be as sharp'® 
as Av=1/t. For atoms of thermal velocities (approxi- 
mately 10° cm/sec) and a beam of length 100 cm, a 
resonance as sharp as 1 kilocycle is hence obtainable. 

During the travel of the beam, transitions may be 
induced not only by the applied radio or microwave 
field which is to be stabilized, but also by random 
fields associated with thermal radiation. If the region 
of interaction is considered a wave guide, then power 
kT is flowing down the wave guide in each mode of 
propagation due to thermal fluctuations. This gives a 
fluctuating electric field strength of approximately 


E=(1/d)(kTAf/c)}. (24) 


The fraction of the beam of particles in which transi- 
tions will be induced due to this thermal radiation is 
F=E|y|t/h, where |u| is the dipole matrix element 
for the transition and ¢ is the time of interaction. These 
thermally induced transitions produce a fractional un- 
certainty in the frequency of stabilization which is 
roughly ¢/y=AvF/v, which becomes, after substituting 
for F and E, 


e/v=(Av/v)(|p|t/hd)(RTAS/c)?. 
Remembering that ‘~1/Av and vrA=c, 
e/v=(|u| /hc)(RTAS/c)!. (25) 


This expression is essentially the same as (17), which 
gives the limiting accuracy using the microwave ab- 
sorption technique. 

Although expressions (25) and (17) are similar, it 
must be pointed out that molecular or atomic beam 
techniques offer rather definite means of avoiding 
trouble from the thermodynamic limit as derived above. 


1 N. F. Ramsey, Phys. Rev. 78, 695 (1950). 


It is a simple matter to send the beam through a 
region where the various modes of thermal disturbances 
produce only weak fields. Hence the approximate for- 
mula (24) for the fluctuation field would give much too 
large a value for the field E. The applied field in such an 
arrangement would be relatively weak also, but may 
almost always be increased to a value large enough to 
give the desired effect on the beam. 

Another source of fluctuation in frequency stabiliza- 
tion with molecular beams is a fluctuating beam in- 
tensity. Experimentally, rather large fluctuations of the 
beam are sometimes observed due to poor vacua, 
acoustic vibrations, detector noise, and other non- 
fundamental but still important difficulties. More 
fundamental fluctuations occur because of the finite 
number of particles in the beam. If the beam current 
is J, then the number of particles in time fo is Ifo/e, and 
the fractional error in frequency produced by fluctua- 
tion in the number of particles is 


e/v=(Av/v)(e/TIto)! 
or 
e/v=(Av/v)(eAf/I)}, (26) 


where Af~1/t is the effective band width. Usually 
the limit set by (26) would be considerably less than 
that given by (25). 

Although molecular or atomic beam techniques are 
not easy, especially for reliable long-term operation, 
they offer the possibility of a high accuracy of stabiliza- 
tion. Their most valuable characteristic is the very 
sharp resonance or high Q which can be obtained and 
which can considerably simplify many of the practical 
difficulties in approaching the theoretical limit of ac- 
curacy described here. 
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Experiments have been carried out to determine the transition between static and kinetic conditions when 
stationary metal surfaces are set into motion, a simple method being used which measures the energy that 
has to be given to one of the bodies to start it moving. The method is confined to cases in which the static 
coefficient exceeds the kinetic. Using a load of 1 kg and metal surfaces of various kinds, it is found that the 
static coefficient persists for distances of the order of 10-‘ cm, and then gradually falls off to values corre- 
sponding to the kinetic coefficient. This behavior is shown to be consistent with a simple model based on the 
assumption that the friction force is needed to shear metallic junctions formed between the metal surfaces. 
The action of boundary lubricants is discussed, and it is shown that they can act either by diminishing the 
metallic interaction directly, or by preventing its increase during the sliding process. 





T has long been known that the force to set into 
motion two surfaces at rest is often greater than the 
force to maintain motion. For such surfaces it is usual 
to quote two values of the coefficient of friction; u,, the 
static coefficient, which corresponds to the force to 
start motion, and yx, the kinetic coefficient, operative 
for moving surfaces. 

The frictional behavior of these surfaces is often 
represented on a y-v diagram, in which the coefficient 
of friction is plotted as a function of the velocity of 
sliding (Blok). Figure 1 shows the simplest case, 
namely a constant kinetic coefficient of friction at all 
sliding velocities and a higher static coefficient, and this 
appears to fit the case of the sliding of two clean sur- 
faces consisting of different metals (Sampson, Morgan, 
Reed, and Muskat).” Figure 2 shows a case common for 
poorly lubricated surfaces (Bristow).* It must be empha- 
sized that there has been little investigation of such 
curves; it is probable that, at sufficiently low velocities 
of sliding, the curve shown in Fig. 1 will be found to 
contain the gradually falling characteristic of Fig. 2. 

However, curves such as those shown in Figs. 1 and 2 
do not describe fully the behavior of the surfaces. For, 
suppose the surfaces with frictional properties de- 
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Fic. 1. Possible variation of coefficient of friction 
with sliding velocity. 


1H. Blok, J. Soc. Automotive Engrs. 46, 54 (1940). 


? Sampson, Morgan, Reed, and Muskat, J. Appl. Phys. 14, 689 


(1943). 
*J. R. Bristow, Proc. Roy. Soc. (London) A189, 88 (1947). 


scribed in Fig. 1, initially at rest, are suddenly set into 
motion with a constant velocity V. The initial force 
resisting motion is that corresponding to y,; after 
sliding has proceeded for some distance, it is u,. Figure 
1 tells nothing of the transition between these two 
conditions. 

Such information is given by a u-s curve, which plots 
the coefficient of friction against distance traveled. As 
a first approximation we may assume that the static 
coefficient operates for a distance s;, when a rapid 
drop to kinetic values takes place (Fig. 3). It will be 
assumed further that the curve is the same over a wide 
range of speeds of sliding. 

The present paper describes a method for deter- 
mining s;, the distance over which the static coefficient 
operates, and a slight modification of the experimental 
procedure allows detailed investigation of the shape of 
the u-s curve. 


THEORY UNDERLYING THE METHOD 


A block of mass M rests on a plane inclined at an 
angle 6 (Fig. 4), the angle @ being chosen so that tan@ 
is just greater than yw; for the block on the plane, but 
considerably less than yp, i.e., 


u>tand> px; (1) 


thus, if the block M is in motion down the plane, it 
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Fic. 2. Another possible variation of friction coefficient 
with sliding velocity. 
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Fic. 3. Idealized representation of the variation of coefficient of 
friction with distance. 


will remain in motion, since 
Mg sin@>u,.Mg cosé. (2) 
If M is at rest, it will remain at rest, since 
Mg sin@<yu,M¢g cosé. (3) 


A small ball of mass m, initially at rest, is rolled a 
distance x down the plane and impacts the stationary 
block M. It is found that there is a critical distance /, 
such that for x>J,, the block is set into motion right 
down the plane, whilst for x</,, the block appears to 
remain at rest—though, as will be seen, microscopic 
motion may occur. 

It is then possible to relate the distance /, with the 
distance s,, the limit of the persistence of the static 
coefficient of friction. 

We may divide the impact and its consequences into 
two parts: (a) Transfer of momentum from m to M, 
(b) Motion of M. 


(a) Transfer of Momentum 


The velocity v of a ball sliding a distance /, down the 


plane in the absence of friction is given by 
= 2-gl, sind. (4) 


For a rolling ball, Eq. (4) must be modified since the 
ball acquires rotational as well as translational energy. 
A simple calculation shows that in this case 


0=10/7- gl; sind. (5) 
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Fic. 4. System of forces for the block on an inclined plane. 
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The velocity V of the block after impact is given by 
MV=(i+e)mz, (6) 


where ¢ is the coefficient of restitution, and M>>m. 


(b) Movement of the Block 
The force opposing motion down the plane is initially 
u.Mg cosd— Mg siné. 
This will bring the block to rest in a distance X 
given by 
V?=2g(u, cosd—sin#)X " 
= 2g cos0(u,—tané)X. (7) 


If X<s,, the block will actually be brought to rest. 
If X>s,, then before the block comes to rest the de- 
celerating force Mg cos@(u,—tan@) becomes the ac- 
celerating force Mg cos@(tanO—p,), and the block 
moves right down the plane. 

The limiting condition is given by X = s;. Combining 





Fic. 5. Sketch of the apparatus. 


Eqs. (5)-(7) we have 


m? tané 
-(1+e)?- — ———-. (8) 
M? yu,.—tané 


sS,.= 


sri Ww 


EXPERIMENTAL 


Experiments were at first carried out using clean 
copper sliding on steel. The block M consisted of a 
steel block 2-in. cube with an additional ledge along 
one edge of the bottom face (Fig. 5). Into this face 
were screwed 3 copper hemispherically ended sliders, 
equilaterally spaced. When the block was placed on the 
inclined plane, most of its weight was borne by one 
slider. The bottom surface was a stout steel strip, 
which could be tilted about its middle. 

Prior to the experiments, the steel strip was cleaned 
by lapping on emery paper under water, then dried on 
clean filter paper. The copper sliders were cleaned by 
being rotated in the shaft of a motor while clean emergy 
paper was pressed against them. 

For the banging experiments, a hardened steel ball 
of 3-in. diameter was used. The coefficient of restitu- 
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tion e, determined by measuring the height of rebound 
after collision with the ledge of the block, was found to 
be 0.5. 

For copper on steel, @=1000 g, u, was measured 
from the angle of tilt to set into motion a stationary 
block in the absence of any lateral force, and was found 
to be 0.46. ux, the tangent of the smallest angle of tilt 
which would maintain the block in motion, was meas- 
ured as 0.31. 

When the strip was set at an angle such that tan@ 
was 0.33, it was found that /;, the critical distance, was 
2.0 cm. 

s, can then be calculated from Eq. (8) as 1.0X10~ 
cm. 

Note.—This calculation is valid only if the time of 
collision is shorter than the time to bring the block to 
rest, as otherwise some of the momentum imparted 
by the ball will be wasted. The time to bring the block 
to rest is readily calculated to be 1.5X10- sec. The 
time of collision may be estimated at 2.10~ sec (Bowden 
and Tabor).* Thus the above treatment is justified. 

Experiments were also carried out with other metal 
combinations, and the results obtained are summarized 
in Tables I and II. 


TABLE I. Clean metal surfaces. Mass of block=1 kg. 











Metals used bs bk tan@ Sk 
Copper on mild steel 0.46 0.31 0.33 1.0 10~* cm 
Lead on mild steel 0.72 0.47 0.50 3 
Mild steel on copper 0.54 0.39 0.41 0.9 
Mild steel on titanium 0.63 0.45 0.47 6 
Mild steel on zinc 0.65 0.47 0.49 2 








From Table I it will be seen that copper on steel 
and steel on copper yield similar values of uw and s,. 
With steel as the other metal, use of the softer lead 
leads to a greater value of s, than does that of the harder 
copper. Zinc, with intermediate hardness, has an inter- 
mediate value of s,. 

Copper on copper, clean, gave a value of yu, too high 
to be measured by the apparatus used. It is known 
(Bowden and Leben)® that yp, is also very high, and 
since uw, and yu; are equally large this combination can- 
not be studied by this method. Similarly with stearic 
acid, the static and kinetic coefficients are equal, and 
again s,; is indeterminate. In the case of the surfaces 
lubricated by cetane there is a complication caused by 
the fact that the u-v curve is likely to be that shown in 
Fig. 2 rather than the simple one of Fig. 1. A numerical 
correction is therefore applicable to the corresponding 
values of s, shown in Table II, but the correction is not 
too large and it has not seemed worth while investigat- 
ing this point fully. 


ona P. Bowden and D. Tabor, Engineer (London) 172, 380 
1941). 


°F. P. Bowden and L. Leben, Proc. Roy. Soc. (London) A169, 
371 (1939), 


TABLE IT. Surfaces in various stages of lubrication. 








Surfaces used Me bk tané Sk 





Copper on copper 


Clean >1.0 >1.0 -~ — 
With pure cetane 0.58 0.40 042 1.2 
With slightly impure cetane 0.35 0.23 0.25 1.3 
With solid stearic acid 0.11 1 —_—- — 
Mild steel on copper 
Clean 0.54 0.39 O41 09 
With pure cetane 0.32 0.21 0.225 0.7 
With solid stearic acid 0.10 0.10 —= — 
Mild steel on titanium 
Clean 0.63 0.45 O47 6 
With pure cetane 0.61 045 047 5 
Soln. of stearic acid in cetane 0.44 0.29 0.31 4 
With solid stearic acid 0.20 0.15 0.16 2 








The results with titanium are anomalous. Titanium 
is harder than copper, but has a larger value of s, than 
even lead. Its friction with stearic acid is also rather 
large. 


DETERMINATION OF THE TRUE SHAPE 
OF THE u-s CURVE 


If observations of the critical ball distance / are made 
for various angles of tilt 0, it is possible to determine 
the shape of the u-s curve. 

Equation (8) is equivalent to 


2 


5 
$x (us— tand) =—- (1+ e)?- —-], tané (9) 
7 M? 


where 
K=5/7-(1+.e)?-m?/M?. 


Now the quantity s,(u,—tan@) has the dimensions 
of area on a u-s diagram; in Fig. 3 it represents the 
area between the u-s curve and the line tan@é= constant 
(for w,p<tanO<y,). If the actual w-s curve is more 
general than that shown, we must write this area in 
for form of an integral, namely 


Ms 
f s-du. 
t 


an 6 


(See Fig. 6.) 
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Fic. 7. Tané@ plotted as a function of |.tan@ for clean copper on 
mild steel, mass of M = 1000 g, mass of m=3.5 g. 


Thus we have 


Me 
f s-du=K-l-tané (10) 
tan 6 
or 
s=K-d/dy(l-tané). (11) 


Experimentally, the tilt of the plane is varied, and /, 
the critical ball distance, determined for each inclina- 
tion. Tané is plotted as a function of /-tan@ and the dif- 
ferential of this curve gives the u-s curve (tan@ being 
equivalent to u» for our experimental arrangement). 

Figure 7 shows a set of experimental points for copper 
on steel, each point plotted being the average of five 
determinations. It is seen that the points show con- 
siderable scatter, which is due to local variations of a 
few percent in the value of » such as almost always 
exist with metal surfaces, rather than real variations by 
factors of two or more in the values of /. 

Figure 8, calculated as the differential of the curve 
in Fig. 7, is the required y-s curve. 

p-s curves have also been obtained for the other 
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Fic. 8. Differential of the curve of Fig. 7, showing variation o/ 
the coefficient of friction with distance, 
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metal combinations studied and it is found that the 
various curves have nearly the same shape. 


THE ELASTIC PART OF THE u-s CURVE 


Previous investigations by a number of workers 
have shown that, before sliding commences, an elastic 
displacement of the contacting surfaces takes place. 
Stevens,* Rankin,’ and Haikin, Lissovsky, and Solo- 
monovitch,® working with various surface conditions, 
have determined this elastic limit to be of the order of 
5-10-* cm. Both Rankin and Stevens found the elastic 
region to extend to stresses corresponding to the co- 
efficient of static friction in their experiments. This 
result is important to the present investigation in that 
it removes uncertainty as to the shape of the u-s curve 
shown in Fig. 8. 

Owing to the fact that our determinations of this 
curve have consisted essentially of measurements of 
the area bounded by the curve in Fig. 7 and various 
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Fic. 9. Possible form of the u-s curve consistent with 
the data of Fig. 7. 


horizontal lines, it is impossible to distinguish between 
the possible u-s curves shown in Figs. 9 and 10, or others 
of this class, all of which have the same value of s for 
any given value of yw. For since all such curves give 
equal magnitudes to the quantity 


Ms 
f s:dp 


tan 6 


which appears in Eq. (10), they will all give rise to the 
same curve of tan@ as a function of /-tan@ in Fig. 7. 
Hence both Figs. 9 and 10 are consistent with the data 
of Fig. 7. 

To obtain an unequivocal yu-s curve we must make a 
further assumption, that the first part of the deforma- 
tion, the elastic stage, extends right up to the full 

6 J. S. Stevens, Phys. Rev. 8, 49 (1899). 


7 J. S. Rankin, Phil. Mag. 2, 806 (1926). 
8 Haiken, Lissovsky, and Solomonovitch, J. Phys. 1, 455 (1939), 
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Fic. 10. Another possible u-s curve equally consistent 
with the data of Fig. 7. 


value of the static coefficient of friction. Figure 11 may 
then be drawn, and the full line shows the final curve. 


RELATION BETWEEN THE u-s CURVE AND THE 
SIZE OF THE METALLIC JUNCTIONS 


Bowden, Moore, and Tabor’ have shown that, when 
clean metal surfaces are in contact, metallic junctions 
are formed between them, and they are sheared during 
sliding. Since the yu-s curve is a force-extension curve, 
it is of interest to see if it can be interpreted as the 
force-extension curve of these metallic junctions. To 
do this, some assumptions must first be made as to the 
nature of the metallic junctions and their mode of 
deformation. 

To get a simple picture, it will be assumed that all 
the metallic junctions are circular areas of diameter d, 
and that sliding produces a simple shearing along the 
interface between the surfaces. The force resisting shear 


at any instant will be assumed proportional to the real 


area of contact at that instant (Fig. 12). 
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Fic. 11. Final u-s curve (full line). The curve shown in Fig. 13 
drawn so as to be tangential to the u-s curve (broken line). 





* Bowden, Moore, and Tabor, J. Appl. Phys. 14, 80 (1943). 
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Fic. 12. Idealized representation of a typical metallic junction 
in elevation and plan, the shaded region being the true area of 
contact. (a) and (c):—as formed during static loading. (b) and 
(d) :—after sliding a distance s. 


On this assumption, the frictional force may be 
calculated by simple geometry as a function of s, the 
distance moved, and a plot is shown in Fig. 13. This 
curve is also shown in Fig. 11, and it will be seen that 
in some ways it resembles the u-s curve observed. The 
main difference lies in the fact that, in actual practice, 
as soon as sliding commences the breaking of the original 
metallic junctions is to some extent compensated for 
by the formation of new ones. These new junctions are 
not as strong as the original ones and hence the kinetic 
coefficient is less than the static, but, since it is not 
zero, the u-s curve does not go down to the abscissa. 

A second difference is that the u-s curve commences 
with a nearly horizontal portion. It appears that the 
decrease in area of each junction as sliding commences 
is compensated for by the formation of stronger welds 
over the area that remains, perhaps by a work-harden- 
ing process. Another contribution to this effect arises 
from the fact that not all the metallic junctions shear 
in the simple way shown in Fig. 12. In a small propor- 
tion of the cases the shearing takes place within the 
bulk of one of the metal asperities (Fig. 14(a)) and for 
these junctions there is almost certainly a higher fric- 
tion force at small values of s than with the others. 

The most satisfactory basis for comparison of the 
curves shown in Figs. 11 and 13 consists in making the 








s d 
Fic. 13. Shearing force as a function for s for the junction 
shown in Fig. 12. 
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Fic. 14. (a) Representation of a typical metallic fragment 
transferred from the top to the bottom surface during sliding. 
(b) Idealized model of (a). 


F-d curve tangential to the u-s curve (this is represented 
by the broken line in Fig. 11). A value of d is obtained 
of 7-10~* cm (copper on steel, normal component of 
the load [M cosé]=900 g). 

This value is to be compared with one obtained from 
measurements on the size of metal fragments trans- 
ferred between sliding surfaces. As was mentioned 
above, the break between the metal junctions some- 
times takes place within one of the metals, not at the 
interface. As a result, a metal fragment is transferred 
from one surface to the other.? Rabinowicz and Tabor,!® 
using an autoradiographic technique, have measured 
the size of the fragments transferred in the sliding of 
copper on steel, load 2 kg, and have found an average 
mass of 10-* g. Figure 14(a) represents a possible shape 
for the typical fragment, and Fig. 14(b) shows a simpli- 
fied model, in which the fragment is considered as a 
hemisphere, its plane surface being the circle of contact 
of the junction. Using this model, d is calculated as 
17-10~ cm. In view of the many complicating factors 
involved, the agreement of this figure with the 7-10 
cm previously obtained may be considered very satis- 
factory. 

In theory, an estimate of the average junction size 
can be obtained by examining the distance at which the 
actual value of uw first becomes equal to yx. This dis- 
tance should be closely related to the average junction 
size. In practice the actual u-s curve becomes nearly 
asymptotic to the value of u,, and accurate measure- 
ments cannot be made, but the results obtained are of 
the right order of magnitude and tend to provide con- 
firmation of the model presented. 


DISCUSSION 


Experiments have been carried out which lead to a 
determination of the curve of friction plotted as a 
function of distance travelled for surfaces which have 
been in stationary contact for times of the order of 
seconds, and are then set into motion. This curve is a 
characteristic feature of the frictional properties of the 
surfaces, but has been little investigated previously. 

It has been suggested by Bowden, Moore, and Tabor® 
that, when metal surfaces are in contact, plastic flow 
takes place and metallic junctions are formed between 
them. Qualitative support for this view is provided by 
the fact that, in our experiments, the static coefficient 


© E. Rabinowicz and D. Tabor, Proc. Roy. Soc. (London), to be 
published. 
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of friction persists for greater distances in the case of 
lead on steel than with copper on steel. For, it is highly 
probable that this persistence of yu, is directly related 
to the size of the metallic junctions, and the softer lead 
may be expected to give rise to larger junctions than the 
harder copper. 

In fact it is possible to develop a quantitative rela- 
tionship. Using a simple model in which the metallic 
junctions are considered as circular regions of equal 
size, and sliding is assumed to occur as the shearing of 
these junctions along their interface, it is possible to 
calculate the size of the metallic junctions from the 
shape of the yu-s curve, and the value obtained is in 
good agreement with values derived by another method 
involving the size of metal fragments. 

The reason for the greater static coefficient of fric- 
tion compared with the kinetic must now be considered. 
Sampson, Morgan, Reed, and Muskat? found that sur- 
faces stationary for very short times gave low (kinetic) 
values of the coefficient of friction. These and other 
experiments suggest that the strength of the metallic 
junctions depends on the time of stationary contact of 
the surfaces, being smaller for times of the order of 
milliseconds than for times of the order of seconds. 
Sliding surfaces are equivalent to surfaces in stationary 
contact for very short times, and will give rise to low 
coefficients of friction. 

It seems that this greater strength of junctions 
formed after long contact is due to a process analogous 
to creep. As a result, the junctions increase in size with 
time, and the force to shear these larger junctions is 
greater than the force which would have been required 
initially. 

The process of sliding is envisaged as follows: when 
the tangential load is applied, at first elastic deforma- 
tion of the asperities and the substrate takes place, 
and continues until the shear strength of the junctions 
is reached. Shearing of the junctions now takes place 
and the coefficient of friction falls off as the strong 
junctions which were formed during static loading be- 
come replaced by weaker ones. The influence of the 
strong junctions persists over a distance that is simply 
related to the average junction size. 

It is of interest to consider briefly the cases to which 
the method is inapplicable, those of clean surfaces of 
the same metal and well-lubricated surfaces of the 
same or different metals. With clean, like metals the 
junctions are very strong, and shearing of the junctions 
is accompanied by severe distortion of the surfaces. It 
seems plausible that this distortion brings into contact 
parts of the surface which otherwise would have re- 
mained separate and thus, by a “‘snowballing” mecha- 
nism, the true area of contact and therefore the re- 
sistance of the surfaces to motion become greater as 
sliding proceeds. This effect was first noted in the case 
of copper by Ernst and Merchant." The anomalous 


1H. Ernst and M. E. Merchant, Conf. Friction and Surface 
Finish M.I.T. (1940), p. 76. 
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frictional properties of titanium are probably also due 
to a “snowballing” effect. This would explain the ab- 
normally large metallic junctions. 

With lubricated surfaces further complications are 
met with due to the properties of the lubricants. It is 
of advantage to consider separately the cases of well- 
lubricated and poorly lubricated surfaces. In the case 
of well-lubricated surfaces, the metallic junctions play 
only a small part in determining the friction coefficient, 
since the metallic junctions are present over only a very 
small part of the real area of contact (Rabinowicz and 
Tabor).'!° In the case of copper surfaces lubricated by 
palmitic acid, a low value of the coefficient of friction 
(~0.1) has been found with yw, no greater than p,. 
It is suggested that these values are properties of the 
lubricant rather than those of the metallic junctions. 

With poorly lubricated surfaces, however, the metallic 
junctions make an important contribution to the total 
frictional resistance. The frictional properties of copper 
on copper, lubricated with cetane, are similar to those 
of clean copper on steel, both the coefficient of friction 
and the size of the junctions being approximately the 
same. The main function of the cetane has been to pre- 
vent the “‘snowballing” action by which, in the case of 
clean copper on copper, the area of contact and conse- 
quently the friction increase as sliding proceeds. The 
primary metallic interaction has also been reduced, but 
still contributes substantially to the total frictional 
force. 

Confirmation of this explanation is seen in the case 
of unlike metals lubricated with cetane. The cetane 
produces less reduction in the coefficient of friction 
than with like metals, since even in its absence the 
tendency for ‘‘snowballing”’ to occur is small. 

Thus we may consider a lubricant as having two 
possible functions; either, to prevent the formation of 
metallic junctions between the surfaces, more accur- 
ately, greatly to decrease the fraction of the real area of 
contact that consists of metallic junctions, and this is 
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achieved by good lubricants; or, to prevent the “‘snow- 
balling” process by means of which metallic junctions 
grow during sliding. Even poor lubricants can often 
achieve this. In this latter case the metallic interaction 


may be quite large, but surface damage and friction are 
comparatively small. 


SUMMARY AND ACKNOWLEDGMENTS 


The variation of the value of the coefficient of fric- 
tion with distance of sliding has been measured by a 
simple method in which a small sphere is impacted 
against a large block on an inclined plane. The method 
is limited to those cases in which the static coefficient 
is greater than the kinetic. 

The results show that the static coefficient persists 
for distances of the order of 10~ cm, the exact distance 
depending on the nature of the surfaces, and then falls 
off gradually until the kinetic coefficient’ is reached at 
about 10-* cm. 

A simple model is developed in which the force re- 
sisting motion is taken to be the force to shear the 
metallic junctions formed between the metal surfaces 
in contact, and a value for the size of the metallic junc- 
tions is calculated which is in good agreement with re- 
sults obtained by an autoradiographic method. 

The static coefficient will normally exceed the kinetic, 
since the metallic junctions become stronger after the 
surfaces have been in stationary contact for some time. 
Exceptions to this rule are explained, in the case of 
clean like metals, by a “‘snowballing” effect as a result 
of which the true area of contact increases during 
sliding; in the case of well-lubricated surfaces by the 
fact that the friction is determined almost exclusively 
by the shear properties of the lubricant layer. 

It is with pleasure that I thank Professor J. T. Bur- 
well, Jr., for his encouragement and interest, Dr. 
D. Tabor and Mr. E. Eisner of Cambridge University 


for helpful discussions, and the Chrysler Corporation 
for financial support. 
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The mechanism of slip in body-centered cubic lattices is considered in terms of the relation between the 
orientation of the tensile axis and the active slip system. A “projection” of points in the unit stereographic 
triangle on its [001 }-[011] side permits an analysis of experimental data and leads to an accurate determina- 
tion of the ratio of the critical shear stresses on various planes. 





ROPERTIES of binary solid solutions are often 
affected by changes in the distribution of the two 
kinds of atoms in the crystalline lattice. In particular it 
has been suggested that a deviation from randomness 
which leads to the formation of oriented clusters! of one 
kind of atoms may influence certain anisotropic phe- 
nomena, such as slip in body-centered cubic lattices, 
precipitation, etc. In body-centered cubic lattices the 
active slip system depends strongly upon temperature 
and upon composition, and this effect may be related to 
the influence of clustering on the critical shear stress of 
various slip planes. Besides the temperature dependence 
of slip systems in pure body-centered cubic metals,” the 
best known example of the influence of temperature and 
of composition on slip in an alloy is provided by the 
iron-silicon alloys studied by Barrett, Ansel, and Mehl,* 
as illustrated in Fig. 1. The present paper summarizes 
the general analysis of the slip behavior of body- 
centered cubic lattices. In a later paper results of ex- 
periments on iron-silicon alloys, and a reinterpretation 
of data available from the literature will be given. 
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Fic. 1. Slip planes in iron-silicon alloys (after Barrett, 
Ansel, and Mehl). 
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1 A. Opinsky and R. Smoluchowski, Phys. Rev. 74, 343 (1948), 
and R. Smoluchowski, Physica 15, 179 (1949). 

? E. N. da C. Andrade, Proc. Phys. Soc. (London) 52, 1 (1940). 

+ Barrett, Ansel, and Mehl, Trans. Am. Soc. Metals 25, 702 
(1937). 


1. THE ORIENTATION DEPENDENCE OF THE 
RESOLVED SHEAR STRESS 


Despite numerous investigations, the actual mecha- 
nism of slip as a function of the orientation of the body- 
centered cubic lattice has not been analyzed successfully, 
Fahrenhorst and Schmid,‘ in a comprehensive treatment 
of the slip behavior of single crystals of iron, did not 
consider the possibility of operation of several different 
types of planes, but tried to determine the one type of 
slip plane which they thought operated. Gough, using a 
different state of stress, that of alternating torsion, con- 
cluded that the operating slip plane did depend upon the 
location of the plane of maximum shear stress ; for exam- 
ple, that if the plane of maximum resolved shear stress 
fell between planes of the types {110} and {123}, those 
planes would slip. However, Gough did not consider that 
variations of the ratios of the critical shear stresses could 
change the behavior of the material. The state of stress 
he investigated, alternating torsion, is different from 
that discussed in the following treatment, which is 
simple tension. 

The basic notions and quantities used in the deriva- 
tion of the resolved shear stress equations are given in 
Fig. 2. The direction of the tensile force F and the 
normal to the slip plane are denoted by the indices 


hkl] 


[ui] ra 


Slip 
Direction 


Slip 
Plane (hkl) 











Fic. 2. Fundamental quantities in the resolution of simple tension. 


4W. Fahrenhorst and E. Schmid, Z. Physik 78, 383 (1932). 
5H. J. Gough, Proc. Roy. Soc. (London) A118, 498 (1928). 
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(uvw] and [hkI], respectively. The slip direction, ac- 
cording to almost all investigations, seems to be (111) 
and is affected neither by composition nor by tempera- 
ture. On the other hand, the active slip planes do depend 
upon these two factors and can be any planes of the 
types {110}, {112}, or {123}. Of course, the slip plane 
has to belong to the zone of the slip direction. For 
instance, the zonal relation for the [111] direction is 
h+k+l1=0. If A denotes the cross-sectional area of the 
sample perpendicular to the direction of the tensile 
force, then the cross-sectional area of the plane of slip is 
given by A/cosd, where @ is the angle between the 
normal to the slip plane and the tensile axis. The force 
resolved in the [111] direction is F cosd, where \ is the 
angle between [111] direction and the tensile axis, and 
so the resolved shear stress on the slip plane along the 
[111] direction is 


ritl=— cos cosr (1) 


4 


which, by expressing the cosines in terms of Miller 
indices, can be written as 


a Feb et we) (hut kot lw) “ 
r= : 
V3A (h?+k?+1)?)'(u?+0?+w?) 





For the slip direction [111], one obtains 


x F (—u+v+w)(hut+ kv+lw) 
r= — (3) 
V3A (h?+ k?+-/?)!(u?+0?+w’) 





and similar expressions for 7" and 7, Maximum re- 
solved shear stress occurs for \X=>¢@=45° as can be 
verified by differentiating (1). This means that on a 
stereographic projection the tensile axis must lie on the 
great circle joining the pole of the slip plane and the slip 
direction, and it must bisect the angle between them. 
For each permissible slip plane and slip direction com- 
bination, an orientation of the tensile axis can be found 
which corresponds to maximum resolved shear stress. 
For convenience, all subsequent consideration will be 
referred to the standard unit stereographic triangle 
formed by the poles (001), (011), and (111) (see Fig. 3, 
which was taken from Barrett)* within which any 
tensile direction can be represented by a point. 

In Fig. 4, the maxima for the various plane and 
direction combinations in or near the unit stereographic 
triangle are shown. These plane and direction combina- 
tions are the only ones which have maximum resolved 
shear stress in or near the unit stereographic triangle, 
and they are the only ones which need be considered. 
This result can be obtained in the following way. Using 
the interrelating equation 4+k+/=0, and partially 
differentiating (2), with respect to h and k, one has the 





°C. S. Barrett, Structure of Metals (McGraw-Hill Book Com- 
pany, Inc., New York, 1943), p. 34. 
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Fic. 3. The unit stereographic triangle in a (001) projection of a 
cubic lattice. 


indicial equations 


u—2v+w 
ka — ————, (4) 
2u—v—w 
u—2v+w 
j= -i—k=i(——=-1) (5) 
2u—v—w 
and 
v2F (u+v+w) 
| Tmax!" | i ari 


3A (u?+0?+w?) 
XK (u?2+0?+ w?— uv—uw—vw)'. (6) 


For other slip directions equations similar to (6) can be 
obtained. As indicated in Fig. 4 for [uvw] contained 
within the unit stereographic triangle, the [111] slip 
direction has maximum resolved shear stress in one part 
of the triangle, while the [111] direction has maximum 
resolved shear stress in another part. 








Fic. 4. Maxima of resolved shear stresses for various slip 
systems in the body-centered cubic lattice in the proximity of the 
unit triangle, 
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Shear Stress, Three Families 
of Planes 
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Fic. 5. Regions in a unit triangle within which the indicated 
plane and direction combination has resolved shear stress greater 
than any other system: three families of planes. 


The next problem is to find, within the unit stereo- 
graphic triangle, the boundaries between regions in 
which one of such plane-direction combinations has a 
greater value of the resolved shear stress than all the 
others. These boundaries can be calculated by substi- 
tuting the values of h, k, and / into Eqs. (2) and (3), 
equating, and solving for u, v, and w. The result is 
shown in Fig. 5. Here the various regions of maximum 
resolved shear stress, for three families of planes, are 
shown as a function of the orientation of the tensile axis. 
It must be emphasized that Fig. 5 refers to the slip be- 
havior only when the critical shear stresses are the same 
on the three types of planes. If the critical shear stresses 
are not all equal, the boundaries shown in Fig. 5 are 
shifted accordingly. If more than three types of planes 
are active, then there are additional regions in the unit 
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Fic. 6. Regions in a unit triangle within which the indicated 
plane and direction combination has resolved shear stress greater 
than any other system: eight families of planes. 
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stereographic triangle as shown in Fig. 6 for eight families 
of planes. 

The dependence of the resolved shear stress for the 
various slip planes on the direction of the tensile axis 
along the [001 }-[011 ] line of Fig. 5 is shown in Fig. 7, 
The intersections correspond to the boundaries in Fig. 5, 
which were obtained analytically rather than by the 
slow process of making sections through the unit 
stereographic triangle. 

Equations (4) and (5) show that a given plane may 
have maxima in resolved shear stress for various values 
of u, v, and w. It appears that a plane (/k/) has maximum 
resolved shear stress for a particular (111) direction 
along a great circle passing between the normal to the 
slip plane and the slip direction. This is a more general 
statement of the conditions illustrated in Fig. 5. For the 
[111] direction, (101) has maximum resolved shear 
stress all along the line from [101] to [111]; however, 
maxima along other directions may exceed the value of 
the maximum on (101) outside of the unit stereographic 
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Fic. 7. Dependence of the resolved shear stress for various slip 
planes as a function of the orientation of the tensile axis along the 
line [001 }-[011]. 


triangle considered. The maximum resolved shear stress 
of 0.5F/A is merely a special instance of the maximum, 
but it does fall on the great circle between the pole of the 
plane and the slip direction. Since the plane of maximum 
resolved shear stress remains constant along such a 
great circle, it is then a corollary that the ratios of the 
resolved shear stresses remain constant along the great 
circle. This can be seen intuitively from Fig. 8, which 
shows the shear stress resolved along [111 ] as a function 
of the planes of the zone [111] for various tensile axes 
along the line between [011] and [111]. For each 
direction, the maximum resolved shear stress falls on 
(211); this is to be expected because the line [011]}- 
[111] is part of the great circle between [111] and the 
pole of (211). To be sure, the maxima have different 
values at the various tensile axes, but nevertheless they 
still occur on (211). The curves of Fig. 8 are sine curves 
because in Eq. (1) ) is held constant while ¢ is varied. It 
can be seen that along the line of tensile axes which 
passes between the pole of (211) and the slip direction, 
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Fic. 8. Shear stress resolved along [111] for various planes in 


the [111] zone as a function of the orientation of the tensile axis 
along the line [111 }-(211]. 


the ratios of the shear stresses on the various planes 
remain constant. For example, the ratios of the shear 
stresses resolved on (211) to those on (110) and (321) 
remain constant at each tensile axis shown on Fig. 8. 

There are two important consequences of this be- 
havior. The first is that slip, once it is initiated, will 
continue on the same plane until a boundary with a 
region belonging to another slip system is reached. 
Various investigations have shown that the tensile axis 
tends to rotate toward the slip direction during tensile 
elongation. Hence the tensile axis is moving along a 
great circle passing through the slip direction and the 
original tensile axis. Therefore, the ratios of the resolved 
shear stresses on the various possible slip planes be- 
longing to the original slip direction remain constant. 
The second consequence of this property of the great 
circle is the fact that it is possible to project all data 
obtained in the unit stereographic triangle on a line, and 
thus one can reduce the complexity of the problem by 
one dimension. This implies also that fewer experi- 
mental points are required in the triangle to obtain 
significant conclusions. 


2. THE ORIENTATION DEPENDENCE 
OF SLIP BEHAVIOR 
The previous section dealt with the orientation de- 
pendence of the resolved shear stress; here the orienta- 
tion dependence of the resulting slip will be discussed. 
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Fic. 9. Yield strength (arbitrary units) as a function of the orienta- 
tion of the tensile axis along the line [001 }-[011]. 
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Fic. 10. Limiting case for {110} slip alone. 


According to the critical shear stress law, slip occurs 
when the resolved shear stress on the plane along the 
slip direction, 7, is equal to the critical shear stress, S. 
Since the yield strength Y= F/4A, we have 


. Y=S/cosd cos¢. (7) 


Thus, if all critical shear stresses are equal, the plot of 
yield strength versus orientation of the tensile axis 
within the unit stereographic triangle will be identical 
with Fig. 6. If the critical shear stresses are not all equal, 
then the yield strength curves and their intersections 
will be shifted. This is illustrated in Fig. 9, which shows 
the yield strength for the orientations along the line 
[001 }-[011 ], for all three types of planes having equal 
critical shear stresses. Figure 9 is merely the inverse of 
Fig. 7 as indicated by Eq. (7). If the critical shear 
stresses are not equal, the curves in Fig. 9 will be dis- 
placed vertically with respect to one another with a 
minor change in shape which can be neglected as shown 
below. 

If the Yi10 curve is displaced below the other two 
curves, Fig. 10, slip will occur only on {110} planes for 
all orientations of tensile axes. One can calculate the 
ratios of the critical shear stresses necessary to produce 
this radical change: For slip to occur on {110} alone, one 
need set the yield strength curves to coincide at (001) 
and (011) and, knowing the resolved shear stress for the 
various types of planes at these orientations, calculate 


TABLE I. Behavior of the yield strength curves for various ratios 
of the critical shear stresses. 








Value of ratio 





S112/S110 S123/S110 Si23/Si12 
0 <r<0.866 Vire< Vino Yie3x< Yio Viex< Vie 
0.866 <r<0.945 Viet Vino Vi03< Vino V io3< Vine 
0.945 ¢r<0.982 Vise i Yio V 123 1 Vito Yio< Vise 
0.982<r< 1.091 Vise i Y i10 VY 123 i Yio V 123 i Vine 
1.091<r<¢ 1.134 Viiet Viro Vi03 4 Vino Vie3s> Vireo 
1.134<r¢ 1.155 Vine i Y i10 Yi23> Vito Yi23> Vie 
1.155<r Vire> Vio Vie3s> Firo Vie3> Vireo 


The designation i stands for intersects. 
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TABLE II. Ratios of the critical shear stresses for various tensile 
axes along the line [001 }-[011]. 











Tensile axis Angle from (001) S110/ Sia Sita/Sir2 Si23/Sur0 
001 0° 0’ 0.866 0.982 1.133 
01 10 5 43 0.912 0.999 1.096 
016 9 28 0.945 1.012 1.071 
014 14 2 0.990 1.029 1.039 
013 18 26 1.039 1.048 1.008 
025 21 48 1.083 1.064 0.983 
012 26 34 1.155 1.091 0.945 
035 30 58 1.083 1.064 0.981 
023 33 41 1.039 1.047 1.005 
034 36 52 0.990 1.029 1.042 
078 41 12 0.924 1.004 1.084 
O11 45 0.866 0.982 


1.134 








the ratio of the critical shears. Thus, from (9) we have 
Yi V 123, (Siro ‘(0.408) < (S323/ 0.462) or (Si23 S110) 
21.13. In a similar manner, the ratios of the critical 
shear stresses on {110} and {123} can be calculated to 
permit slip on {110} alone, and the resulting relation is 
(S112/S110) > 1.16. Other such calculations can be made; 
they are summarized in Table I. 

An example will clarify the use of the table. Let 
Sir0= 1000, Sip= 1200, and Si23= 1200. Thus (Sire ‘Si10) 
=1.2, (St23/Si10)=1.2, and (S123/Si:2)=1. Therefore, 
respectively, Yin2> Y 110, Y123> Y 110, and Y 193 intersects 
Y 112. However, since V9 lies below both Vy2; and Vy, 
slip will occur on {110} alone. Table I shows also that 
significant changes in the choice of the operative slip 
plane occur only when the critical shear stresses differ 
by less than 16 percent. These small differences produce 
negligible changes in the shapes of the curves for 
individual slip planes in Fig. 9 while the relative position 
of the curves can be appreciably altered. 

If the critical shear stresses or their ratios are known, 
Table I will give information concerning the active slip 
planes of the material. However, usually the situation is 
reversed: the ratios of the critical shear stresses, which 
could produce the observed slip behavior, are to be de- 
termined from the known operative slip planes. Ex- 
perimentally, with the aid of the projection properties of 
great circles passing through the slip direction, the 
boundaries between operative slip planes along the line 
of tensile axes [001 ]-[011] can be determined. This 
could be done either by determination of the yield 
strength values, with a subsequent calculation of pro- 
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Fic. 11. Ratios of the critical shear stresses as a function of the 
orientation of the tensile axis along the line [001 }+[011]. 


jected yield strength values along the base line, or by 
observation of the operative slip planes by metallo- 
graphic means. 

The choice of the line [001 }-[011] as the base line for 
such a projection is particularly advantageous. It can be 
shown that, the resolved shear stresses for the same type 
of plane, having [111] and [111] as their slip 
directions, coincide at each tensile axis along this line. 
Putting «=0, which corresponds to the line (001)—(011), 
into (2) and (3) shows that then 7"!=7"!, Thus, only 
one set of master curves need be plotted to permit 
comparison of experimental data with calculations, 
although two different slip directions may have been 
operating. The ratios of the critical shear stresses as a 
function of the orientation of the tensile axis along the 
base line [001 ]-[011] can be easily calculated from 
Eq. (7) and are given in Table II, and plotted in Fig. 11. 

The use of these results is very simple: for instance, if 
the boundary between operative slip planes of the types 
{110} and {123} occurs at 38°, then the ratio of the 
critical shear stresses is approximately 1.05. Application 
of this method to various experimental data will be 
give in a subsequent paper. 

This work has been sponsored by the AEC contract. 
One of the authors (A.J.0.) wishes to express his 
appreciation to the Atomic Energy Commission for a 
fellowship. 
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Equivalent Temperature of an Electron Beam 
M. E. HINES 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received July 13, 1951) 


1. Introduction.—Parzen and Goldstein! in a recent article have 
shown the effects of a distribution of electron velocities on the gain 
of a traveling wave tube. For their assumption that the longi- 
tudinal velocity distribution has an equivalent temperature equal 
to that of the cathode, substantial reduction in gain is predicted 
for some types of tubes. 

The purpose of this letter is to discuss the equivalent tempera- 
ture to be expected in the beam of a practical traveling wave tube. 
It is shown that the effect of beam acceleration is to reduce the 
spread in longitudinal velocities by a large factor for cases of non- 
converging electron guns. The effects of long drift times and con- 
verging guns are discussed in a qualitative manner. These effects 
can result in a high beam temperature from other considerations. 

2. Temperature Calculation.—For this derivation it is assumed 
that the beam is accelerated from the cathode in substantially 
rectilinear flow with the applied fields acting in the longitudinal 
direction only. It is also assumed that the electrons do not interact 
with each other on a microscopic scale. 

The distribution function of the longitudinal velocities at the 
potential minimum just in front of the cathode is 


dn=(en/kT.) exp(—eV*/kT.)dV*, 
where 7% is number passing across per unit time and 
V* =tem?/(2e/m). 


Here uzm is the electron velocity at the potential minimum. After 
acceleration to a potential Vo above cathode potential, an electron 
with an initial kinetic energy eV* at the minimum will have a final 
velocity given by 


uz= (2(e/m)(Vot+ Vnt+ V*))4, 


where — V», is the potential at the minimum. If V* is very small in 
comparison to Vo, the velocity may be closely approximated by 


Us= (2(e/m)(VotVm))*L1+ (V*/2(Vo+Vm)) J. 


The mean velocity of the stream is given by 


1 
d,=- f udn (see footnote *) 
n n 


Me a Pee | a (-*)av- 
=r dn (2£(ve+Vm)) ey) A a 


= (2(e/m)(Vo+Vm))*[1+ (kT -/2e(VotVm)) J. 


The equivalent beam temperature is given by 


Ty=(1/kn)_{ m(ue—a,)%dn 


— [ve Eee —£)ar- 
"gras kL eI oN aT” - 


kT 
n=[— Ht | 4 
~LaeVot Verde 


3. Effects of Long Drift Times—For V»o=1000V and T, 
= 1000°K, the above formula predicts an effective beam tempera- 
ture of about 1/20 of a degree absolute, rather than 1000°. This is 
the temperature corresponding to the longitudinal velocity spread 
only. The transverse velocity spread remains the same as it was 


at the time of emission, which corresponds to the temperature of 
the cathode. 
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If the beam is allowed to drift for a sufficiently long time, these 
transverse velocities will have their energies redistributed so that 
each degree of freedom has an equal thermal velocity distribution. 
This would imply that the final beam temperature should ap- 
proach approximately % of the cathode temperature if allowed to 
drift for an indefinite distance. There is, however, some evidence 
that the microscopic interactions between the electrons are suffi- 
ciently infrequent or ineffective that it may take a very long drift 
time to re-establish equilibrium in practical tubes, depending upon 
the charge density in the beam. 

One such piece of evidence can be deduced from the measure- 
ments of the noise currents in an electron beam reported by Cutler 
and Quate. In the theories of Pierce,? Rack,‘ and Peterson,’ the 
velocity fluctuations at the cathode are assumed to be the major 
source of noise in vacuum tubes. These velocity fluctuations cause 
fluctuations in electron transit times during acceleration and drift 
which result in convection current and velocity fluctuations which 
are distinctly correlated with one another. In a drifting beam, such 
correlated fluctuations will cause a repeating pattern of inter- 
ference between the space-charge waves so established. Cutler 
and Quate? observed these interference effects and they show that 
they are readily explainable in terms of the theories of Rack, 
Pierce, and Peterson. The waves they observe are of such a magni- 
tude that the velocity fluctuations at the maximum are rather 
close to that which Rack gives for the fluctuations at the cathode, 
namely 


p2 





_ (4—n)(e/m)kTB 
- 


The fact that such maximum fluctuations were observed does not 
imply that the thermal velocity distribution in the final beam 
corresponds to the cathode temperature as these fluctuations are 
produced by a wave propagation phenomenon which involves the 
beam as a whole. Rather, one would expect a considerably greater 
magnitude of noise if the beam had acquired an equilibrium max- 
wellian velocity distribution by interaction with the transverse 
thermal velocities. Rack’s formula applies to the unsymmetrical 
velocity distribution at the potential minimum next to the 
cathode surface. The appropriate formula for the velocity fiuctua- 
tions in a symmetrical random maxwellian velocity distribution is 


pr — A(e/m)kTB 

— 
which is about 5 db larger for an assumed equilibrium temperature 
% that of the cathode. If thermal equilibrium had been established 
then it might be expected that new velocity fluctuations of this 
larger magnitude would have appeared in the process, generating 
space charge waves in the beam with associated noise currents of 
larger magnitude. Cutler and Quate did not observe such effects 
so that it might be deduced that thermal equilibrium had not 
been established in their beam. This would imply that the effec- 
tive beam temperature, considering the longitudinal velocity dis- 
tribution only, was much lower than the cathode temperature in 
their experiment. 

4. Effects of Beam Focusing.—A sharply converging electron gun 
can result in a rather wide distribution of longitudinal velocities. 
This will occur because of the transverse electron velocity dis- 
tribution in the accelerating and focusing region. The beam con- 
tains many electrons which have not followed the ideal trajectories 
and consequently have been accelerated in an abnormal manner 
so that they have rather widely dispersed transverse velocities. 
These electrons must also have a dispersion in their longitudinal 
velocities because of energy considerations. This can increase the 
effective beam temperature markedly for guns with a high degree 
of beam convergence. 

Methods of beam focusing which cause a variation in dc velocity 
over the beam cross section will cause effects similar to those of 
high beam temperature. If the beam is focused in the ideal 
“Brillouin flow” condition,® no difficulty of this sort is to be 
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expected as the longitudinal velocity of the electrons is uniform 
throughout the beam. 

5. Summary.—The equivalent temperature of the longitudinal 
velocity distribution in an electron beam may be very low in cases 
where the electron gun is not of the converging type and where the 
beam is focused in the “Brillouin flow” condition. If a beam is 
allowed to drift for an indefinite time, then the transverse velocities 
may re-establish an equilibrium at about 3 the cathode tempera- 
ture, but there is evidence that this may take a rather long drift 
time. Converging electron guns and improper focusing conditions 
will increase the effective beam temperature. 


! Philip Parzen and Ladislas Goldstein, J. Appl. Phys. 22, 398-401 (1951). 

* Strictly speaking, dn in this formula specifies the distribution function 
per unit volume, rather than the number passing per unit time. However, 
because of the small velocity spread, the difference between the two forms 
is Tg ars in this case. 

2C, C. Cutler and C. F. Quate, Phys. Rev. 80, 875 (1950). 

3J. R. Pierce, Traveling Wave Tubes (D. Van Nostrand Company, Inc., 
New York, 1950), pp. 148-155. 

*A. J. Rack, Bell System Tech. J. 17, 592 (1938). 

§L. C. Peterson, Proc. Inst. Radio Engrs. 35, 1264 (1947). 

*J. R. Pierce, Theory and Design of Electron Beams (D. Van Nostrand 
Company, Inc., New York, 1950), pp. 152-155. 





Comments on “Equivalent Temperature 
of an Electron Beam”’ 
Puitip PARZEN 


Federal Telecommunication Laboratories, Nutley, New Jersey 
(Received August 10, 1951) 


R. HINES’S derivation of the variation of temperature in a 
rectilinear beam is correct if the electron-electron inter- 
action is neglected. A similar derivation may be found on page 126 
of the book, Klystrons and Microwaves Triodes, by Hamilton, 
Knipp, and Kuper of the M.I.T. Series (McGraw-Hill Book Com- 
pany, Inc., New York, 1948). Mr. Hines’s result is most easily ob- 
tained from Eq. (40) of the mentioned paper by Parzen and Gold- 
stein. Thus, assuming no interaction, g=0 and hence 7v?=constant. 
However, the electron-electron interaction may not be neglected. 
The experiments of Culter and Quate have not as yet been suffici- 
ently interpreted to indicate the degree of interaction. There are ef- 
fects due to the finite lateral extension of the electron beam which 
remain to be explained. Accurate measurements of the period of 
the space charge waves in the drift tube may cast some light on 
the actual electron temperature in the drift tube. 





A Note on the “Attenuation of Radio Signals 
Caused by Scattering” 
J. B. SmytH anp C. P. HusBpBarp 


U.S. Navy Electronics Laboratory, San Diego, California 
(Received July 2, 1951) 


N a recent paper! to the Journal of Applied Physics, A. H. 
LaGrone, W. H. Benson, Jr., and A. W. Straiton have inte- 
grated the Booker Gordon equation to obtain an expression for the 
attenuation of a plane wave due to scattering. Referring to Eq. 
(14) of their paper, it is seen that the shorter wavelengths are 
more rapidly attenuated, and indeed if we consider a limiting case, 
light should scarcely be propagated at all! A glance at Figs. 2 and 3 
of the paper’ indicates an error, for the curves of attenuation have 
no maxima and increase indefinitely with increasing //A. In de- 
riving the expression for attenuation, the authors' have subtracted 
the power scattered in all directions from the incident power 
density, including the power scattered in the forward direction. 
In considering a plane wave, however, power scattered in a direc- 
tion having a forward component is a part of the propagated wave. 
It is suggested, therefore, that the integration of the Booker Gor- 
don equation be performed, not over the entire surface S, but 





LETTERS TO THE EDITOR 






693 wW «VS 4 


ror [(a'<] =| 
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only over the hemisphere backward to the direction of propagation 
Denoting by W’ the power scattered by unit scattering volume 
per unit incident power density in all directions making an angle 
equal to or greater than 90° with the direction of propagation, 
we have 


7 


7 
W’= —_— S20, x) sinédéds. 


This integration yields 
_ eel areas 14+-5(2ml/dr)?+8(2xl/r)4 








~ (Dal /d) (24 12(2a1/d)2+-15(241/d)4 
_142(2zl/d)? a 
A(Qal/ny? 81+ 2(2a1/n)J 


Using W’ as given by this expression, instead of the W given by 
Eq. (9), we arrive at more satisfactory attenuation curves. We 
submit, as a substitute for Fig. 2, a plot of the value of 6983W’ os 
the ratio of //d for the special case of [((Ae/e)*)/A]=1 (see Fig. 1), 
Unfortunately, neither the original approach' nor the one sug- 
gested in this note can be used to solve the problem indicated by 
the title of the paper. 


1 LaGrone, Benson, Jr., and Straiton, J. Appl. Phys. 22, 672 (1951). 





Reply to J. B. Smyth and C. P. Hubbard 


A. H. LAGRONE 
The University of Texas, Austin, Texas 
(Received July 25, 1951) 


R. J. B. Smyth and Mr. C. P. Hubbard of the Navy Elec- 

tronics Laboratory, San Diego, California, have proposed 

that the paper “Attenuation of radio signals caused by scatter- 

ing’ be modified to the extent that only backscattering be con- 

sidered as the cause of attenuation. They point out that all scatter- 

ing at @<90° has a forward component and should be considered 
as part of the propagated wave. 

It is difficult for the authors to see where such a modification 
would be an improvement to the original paper, if indeed, the pro- 
posed modification has any merit at all. The original paper re- 
ported the power scattered per unit macroscopic element of 
volume relative to the power incident on the volume. It was 
recognized that a fraction of this power would be propagated in 
the same direction as that of the incident wave, and that for large 
values of (J/X), a receiver along the path and in the immediate 
vicinity of the scattering would receive an appreciable part of the 
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total scattered power. At the same time, the effective area of a 
more distant receiver would be so small compared to the principal 
area over which scattering occurred that essentially all of the 
scattered power would be lost. Such considerations as these, how- 
ever, constitute specific problems and require specific solutions. 

The limiting case of light, as considered by Dr. Smyth and Mr. 
Hubbard, is for (//A) very large. This means that the scattered 
power is principally confined to a relatively small angle about 
@=0°. As long as (//d) is not infinite, however, this elementary 
solid angle is finite and the problem is similar to the one above. 
The original paper' was concerned with the scattering of radio 
waves and was not intended to include light waves. 

It was not within the scope of the original paper! for the authors 
to consider every physically realizable field problem, rather, it 
was the aim to show the characteristics of the total power scattered 
in terms of the propagation parameters. The proposal of Dr. 
Smyth and Mr. Hubbard does not in any way modify these facts. 


1LaGrone, Benson, Jr., and Straiton, J. Appl. Phys. 22, 672-674 (1951). 





Distribution of Slip in Metal Crystals 


F. C. Franx* 
The H. H. Wills Physical Laboratory, The University, Bristol, England 
(Received July 30, 1951) 


URNOSOV, Tronina, and Yakutovich! consider that their 

measurements show that the major part of the deformation 
in zinc crystals (compressed a few percent) is homogeneous, not 
localized in slip packets. Their data can be used to derive the 
opposite conclusion. 

They performed experiments on zinc single crystals at 200°C, 
19°C, and --190°C. They present no results for the first and no 
details for the last. Let us therefore concentrate on the room tem- 
perature study. Their result, that only 9 percent of the slip is in 
slip packets, was deduced from measurements on a specimen com- 
pressed 4 percent. Details and photographs are not given for this 
experiment. The details that are given refer to studies of slip 
band size and distribution at five different compressions up to 
1.5 percent. One has the impression that already at 1.5 percent 
compression they may have missed some part of the “packet-slip” 
because of displacements by more than one fringe occurring within 
the lateral resolution of their instrument. They mention no test 
(such as change of wavelength) that might have detected such 
errors. The only wavelength stated to be used is 0.5X10-? mm 
defined by a green filter. Their Fig. 4 shows several places where 
it would be desirable to test for whole-fringe displacements, in- 
cluding a place where the visible displacement is zero, but a dark 
line parallel to slip lines crosses the fringes. 

A test discriminating between slip concentrated in slip packets, 
and homogeneous slip, is to find whether the rotation of the 
surface between slip packets is equal to the rotation of glide-planes, 
which can be calculated from the degree of compression if slip 
occurs on one family of planes only. It should be equal if slip 
occurs entirely in the packets, and less if some of the slip occurs 
homogeneously (or apparently homogeneously, within the resolu- 
tion of the optical equipment used). 

The profiles shown in their Fig. 5 allow one to distinguish sharply 
between slip-packet regions and interpacket regions. These are of 
about equal width at 1.5 percent deformation, while at 0.7 percent 
deformation the total of interpacket regions is twice as wide as 
the total of slip-packet regions. The inclination of the surface to 
the axis in slip-packet regions (average from Table IV) is 1° at 
1.5 percent compression, 0.8° at 0.7 percent compression. If the 
definition of specimen axis is such that the mean-free-surface of 
the specimen does not rotate with respect to it (as is implied by 
the authors’ use of Eq. (4)), it follows that the rotation in inter- 
packet regions is about 1° for 1.5 percent, 0.4° for 0.7 percent com- 
pression. The lattice plane rotations calculated from change of 
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length are 45’ and 21’, respectively. These figures are in approxi- 
mate agreement and the discrepancy is in the opposite direction 
from that which would result from slip in the interpacket region. 
The inference is that within the uncertainty of the data, 100 
percent of the slip is in the slip packets. 

The sign of the discrepancy is nevertheless the contrary one to 
that which we should anticipate from our suspicion that some 
whole-fringe displacements have been missed, on the reasonable 
presumption that these errors mainly occur in the regions where 
some slip is recognized. A rather probable error is that in spite of 
using their Eq. (4), 

sinx: = (Lo/L1) sinxo, 


which implies that the slant direction on the specimen surface 
is taken as axis once deformation occurs, the authors have never- 
theless measured their angles from the normal to the pressure 
plates rather than from this slant axis. This supposition is sup- 
ported by their Fig. 5, in which, however, no reference axis is 
specified. If this is the case they have wrongly added in a rotation, 


by =secx(cosecx—2 sinx)4(InZ). 


(This formula applies for small compressions.) For their specimen 
(4), on which the reported measurements were made, x was 40°, 
and dy is therefore 25’ at 1.5 percent compression, 11’ at 0.7 per- 
cent compression. The mean measured inclinations of slipped 
regions of the surface to the surface to the specimen axis would 
then be 0.6° in each case; whence the rotation of unslipped regions 
would be 36’ and 18’, compared with the calculated values 45’ and 
21’. The sign of the discrepancy is now that which we should 
expect if some part of the slip escaped notice. It also increases 
with increasing deformation, as we should expect. 

The common hypothesis, accepted on inadequate evidence, is 
that most of the slip in metal crystals is associated with visible 
slip bands. It would not have been surprising if Kurnosov, Tronina, 
and Yakutovich, using a microinterferometer of 96X lateral 
magnification, had failed to see all the slip bands present, and so 
reached a contrary conclusion. While the quality of their observa- 
tions is scarcely sufficient to make a useful contribution towards 
settling this question, they nevertheless support the usual 
hypothesis, rather than, as they say, contradict it. 


* Temporarily at General Electric Research Laboratory, The Knolls, 
Schenectady, New York. 


1 Kurnosov, Tronina, and Yakutovich, J. Tech. Phys. (U.S.S.R.) 18, 
197 (1948). 





Negative Charging of Glass Fibers under 
Electron Bombardment 
Joun H. L. Watson 


Edsel B. Ford Institute for Medical Research, Detroit, Michigan 
(Received August 13, 1951) 


N a paper by S. F. Kern and R. A. Kern! an explanation based 
upon the existence of a charge differential between the object 
(in their case, round particles from Dow 580 G latex) and its 
surrounding substrate is advanced for part of the increased image 
dimensions of shadow cast over nonshadow cast objects in electron 
microscopes. Their argument being, that if sufficient charge differ- 
ential could be produced and the object was negatively charged, 
the negative lens so formed would lower the magnification, giving 
smaller and erroneous dimensions in unshadowed fields. 

The presence of a charge has not been proven for the Dow latex, 
and in any case, the likelihood of positive rather than negative 
charges on the object would have to be considered too. However, 
it is possible to show that some nonconducting objects of macro- 
scopic dimensions can become charged under electron bombard- 
ment in electron microscopes and that these charges can be nega- 
tive. The following observations are not offered as a general 
explanation of the phenomenon of enlarged image dimensions in 
shadowed fields but as one example of the definite existence of a 
negative charge existing on one type of specimen. 
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The specimen chosen is a glass fiber of one micron diameter 
fastened firmly with rubber cement across the open end of an 
electron microscope specimen holder. The cap is put on without 
a specimen screen. 

In Fig. 1 a series of electron micrographs? are shown of the glass 
fiber. Because of its high curvature an appreciable electrostatic 
field is built up about it when it is within the electron beam. It 
apparently contracts a negative charge and acting as a simple, 
negative lens diverges the beam to raise the apparent position of 
the object and lower the magnification of the image with normal 
focusing current through the objective coil. 

Figure 1 illustrates the appearance of the image when the objec- 
tive lens current is varied from a lower-than-focus to a higher- 
than-focus value, with the beam intensity held fairly high and 
constant. Under these conditions it is possible to change the image 
from one which is large and out of focus in (a), to one which is 
well focused and smaller in (d) and (e), and finally to one in which 
there is a condition analogous to dark field in (f) and (g). The 
image remains in fairly good focus over a range of lens current, 
but its size varies considerably over the same range, so that any 
reliable determination of fiber diameter is impossible unless the 
intensity is much reduced. 

A similar series of micrographs may be obtained if the objective 
current is kept constant at focus, and the intensity varied from 
low to high except that the large, diffuse images of (a), (b), and (c) 
in the figure are not met. As the intensity is raised the focused 
image decreases in diameter and eventually the dark field condi- 
tion recurs. 

The microscopic particles clinging to the fiber are of methylene 
blue collected on the fiber and are not significant except to show 
that under conditions of mounting they too vary in dimensions 
with the fiber and are therefore charged similarly. 

1S, F. Kern and R. A. Kern, J. Appl. Phys. 21, 705 (1950). 


2 Micrographs reproduced from Ph.D. thesis of John H. L. Watson, Uni- 
versity of Toronto, 1943. 





A Note on the Partial Differential Equations 
Describing Steady Current Flow in 
Intrinsic Semiconductors 


R. C. Prim 
Bell Telephone Laboratories, Incorporated, Murray Hill, New Jersey 
(Received August 7, 1951) 


HE steady flow of holes and electrons in the interior of a 

homogeneous intrinsic semiconductor subject to the as- 
sumption of uniform temperature, absence of space charge effects, 
and negligibility of internal recombination is described? by the 
following relations: 


with 





kT 
i,=— pae( nv V- Tn) 
subject to 
V-ip=V-in=0 
and 
n—p=0, p=0. 


[#: total current density vector; ip: hole current density vector; 

i,: electron current density vector; up: hole mobility constant; 

in: electron mobility constant; e: magnitude of electronic charge; 

k: Boltzmann’s constant; T: absolute temperature; p: specific 

concentration of holes; : specific concentration of electrons. ] 
Through consideration of the vectors 


tp/ pe Fin/ pune, 


these relations can be reduced! to the following pair of partial 
differential equations: 
v¥p=0, 


V:(pvV) = [A] 


The purpose of this note is to present the following 


Theorem: 

Let V[r, 2] be any axially symmetric harmonic function in the 
ordinary cylindrical coordinates (r, 6,2), and let pLx, y], g[x, y] 
be any conjugate pair of plane harmonic functions. Then the 


function pair 
plx,y]; VLP(x, y), a(x, »)J 


satisfies [A], and any plane solution of [A] for which Vp0 can 
be so represented. 
For the proof of this theorem, the conjugate harmonic functions 
p and gq are introduced as independent variables in the second 
equation of [A]. Then 
av 


pvV= pe Ve+Po Ma. 


op 
whence 


V-(pVV) = 5 2 (02 se )uwe+ 2 950 )ove VD+PSTVD 


+2( 2% en-v942(2¥ onset 


But 
Vp=V'q=Vp-Vq=Vq-Vp=0, 
and 
(Vq)?= (Vp); 
hence 


F(5)+2(0%) | vor=o. 


Inasmuch as the equation satisfied by axially symmetric harmonic 
functions in ordinary cylindrical coordinates (r, 0, z) is 


2( de\. a 4 
gill dtueede —{ ,— })=0 
or "or +3 "8s : 


the theorem follows. 
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LETTERS TO 


The special cases OV /8=0 and dV /dq=0 are included in more 
general results in reference 1. 


1R. C. Prim, Bell System Tech. J. 30, 4 (1951). 
2 W. van Roosbroeck, Bell System Tech. J. 29, 4, 560-607 (1950). 





Noble Gas Hot Cathode Diodes with Negative 
Arc Drop 


G. Mepicus AND G. WEHNER 
WCESV, Wright Field, Dayton, Ohio 
(Received August 16, 1951) 


REVIOUS investigations of the low voltage arc in noble gas 
hot cathode diodes' had shown the decisive importance of the 
work functions of the electrodes, especially of the anode for the arc 
drop (which in principle was well known, for instance, from the 
early work on the retarding field current in vacuum tubes). These 
investigations led to the conception that by lowering the work 
function of the anode, and at the same time increasing the work 
function of the cathode negative, arc drops could be obtained. 
Therefore a diode with an indirectly heated Ta cathode was built, 
in order to provide an equipotential, high work function cathode. 
When the anode of this tube was covered with Ba, evaporated 
from a Ni-Ba wire, in order to obtain a low work function anode, 
negative voltage drops up to 0.8 v at amperages in the order of 
0.5A were observed, without any detectable oscillations, at pres- 
sures in the order of 0.1 mm Xe. In this case the tube worked as 
an emf, where part of the heating energy of the cathode (about 0.3 
percent) was directly transformed into electrical energy. As probe 
measurements showed, the discharge mechanism in this case in 
principle is the same as in the case of the positive arc drop previ- 
ously investigated especially by Compton and Eckart? and by 
Druyvesteyn,’ only the current-voltage characteristic is shifted so 
that a region of negative voltage drop appears. The basic fact 
which leads to the phenomenon described above is the external 
electrostatic field existing between the surfaces of any two metals 
in contact with each other, if they have different work functions. 
The electrons emitted by the high work function cathode roughly 
have a potential energy with respect to the anode equal to the 
difference in work function of cathode and anode which enables 
them to establish an emf. 
A detailed report on this subject will be published later. 
1G. Medicus and G. Wehner, Phys. Rev. 82, 570 (1951). 


2K. T. Compton and C. Eckart, Phys. Rev. 25, 139 (1925). 
*M. J. Druyvesteyn, Z. Physik 65, 781 (1930). 





The Temperature Function in a Moving Medium 


R. H. RITCHIE 
Health Physics Division, Oak Ridge, Tennessee 
(Received August 25, 1951) 


PAPER by B. Podolsky (J. Appl. Phys. 22, 581 (1951)) 
treats the problem of the temperature distribution in an 
infinite homogeneous medium moving with constant velocity 2 
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with respect to a stationary point source of heat. The steady-state 
solution is found by a rather unwieldy method. 

This solution, as well as the corresponding transient solution, 
may be obtained by the method of superposition of sources.! This 
method is not only more elegant and direct but lends itself to the 
solution of a wide variety of problems of this general nature. 

The temperature at a point P with position vector r resulting 
from a stationary point source of heat which is liberated instan- 
taneously at the origin in a stationary infinite medium is given by* 


W 
Skxi(xt)! exp{ ary |r |*/4xt}, 


where W is the quantity of heat liberated, ¢ is the time measured 
from the instant of liberation, «(=/cp) is the thermal diffusivity 
of the medium, &, c, and p are the thermal conductivity, specific 
heat, and density of the medium, respectively. The medium is 
assumed to be initially at zero temperature. By superposing in- 
stantaneous point sources and taking into account the motion of 
the medium past the point in question, one finds that the tempera- 
ture at r due to a stationary volume source, S(r), whose strength 
varies in time as W(t)(W(t) =0 for t<0) is given by 


1 t 
=o dr f dr’S(r’)Wt—-7) 
Xexp(—|r'+r)—rl*/4et} 5, (2) 


where r*(¢) is the position vector of the origin of a set of coordinate 
axes which moves with the medium and which coincides with the 
fixed system at ¢=0. 

For the case treated by Podolsky, S(r)=48(r) (the Dirac delta- 
function), W(t)=W(1—coswt) and r*(t)=kvt, where k is a unit 
vector along the z axis. Equation (2) then reduces to 


na (1—cosw[t—7]) 


Xexp{—Letty4+(6—)"/4ar}2. (3) 
This may be shown to give 
2 ') 
+5(t/*) 


v 
ae a 0) 
—exp[vz/2«—rv/2«(R+1/2)*] cos(wt—rv/2«(R—1/2)!) 


v2z/2« 
— Searaca Sir /x—/4E)) aa (4) 


where erfc(x) = f2® exp(—w*)du and R=(1+16w*x?/s*)!, which is 
seen to reduce to the expression given by Podolsky for t+. One 
may let the upper limit of integration in (3) and obtain the 
steady-state solution immediately if this is the portion of main 
interest. 

The laplace transformation was used in obtaining (4) from (3). 
The integral in (3) is of the convolution type. A transformation 
with respect to time results in a simple expression which may then 
be inverted by contour integration. 


nb? exp[(v/2x)(r+z Tet + 


+4 exp[(—2/2k)(r— — Jet 





1Carslaw and Jaeger, - _emmaaas of Heat in Solids (Oxford University 
Press, London, 1947), p. 223. 
2 See reference 1, p. 216. 
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Foundations of Aerodynamics 


By A. M. KuertHe Anp J. D. ScuHetzer. Pp. 374+x. John 
Wiley and Sons, Inc., New York, 1950. Price $5.75. 


This book is intended as an introductory text on the senior- 
graduate level for students of engineering, in particular of aeronau- 
tical engineering. It presupposes knowledge of undergraduate 
physics and mathematics through advanced calculus. Topics 
which are considered are the basic equations of fluid motion, includ- 
ing conductivity and viscosity effects. Several chapters deal 
with various aspects of linearized airfoil theory where viscosity 
plays no role. Other chapters give an introduction to turbulence, 
boundary layer theory, and shock-wave analysis. A _ useful 
feature of the book is the discussion of experimental facts and 
the limitations these impose on the applicability of theoretical 
results of linearized or otherwise approximate theories. 

The body of theoretical aerodynamics has enormously expanded 
during the last twenty years. Many of the advanced tools of 
the mathematical physicist are needed for successful work in 
this field. The present book will introduce the reader to much of 
the modern terminology of aerodynamics and prepare the way 
for further reading on the subject. 

Eric REISSNER 
Massachusetts Institute of Technology 








Negative Ions (Cambridge Monographs on Physics) 


By H. S. W. Massey. Pp. 136+xi. Cambridge University 
Press, New York, 1950. Price $2.50. 


H. S. W. Massey has revised and brought up to date his 1938 
tract on negative ions. This second edition is the best treatment 
of the subject available, as was the earlier edition when it was 
published. 

Massey has again shown his ability to select the important 
points to be considered in this rather complex and confused 
field, and to present them in an understandable manner which 
is a pleasure to read. 

The experimental accomplishments since 1938 with negative 
ions have not been sufficient to necessitate any great revisions of 
the methods of treatment of the basic processes. The new 
findings are reviewed and the appropriate modifications made in 
the first four chapters which deal with those processes. 

The fifth and last chapter has been completely rewritten. 
This chapter treats the effects of negative ions in glow discharges, 
in the upper atomosphere, and in the atmospheres of the sun and 
the stars. The review of the work by Chandrasekhar and his 
associates on the role performed by negative ions in the atmos- 
phere of the sun is excellent. The discussion of negative ions in 
the upper atmosphere of the earth is also very good. 

WILLARD H. BENNETT 
University of Arkansas 


Electrons and Holes in Semiconductors 


By WiiuiAmM SHOCKLEY. Pp. 558+ xxiii. D. Van Nostrand 
Company, Inc., New York, 1951. Price $9.75. 


In the words of the publisher’s note on the book jacket, ‘This 
book has been prepared to provide a practical theoretical and 
working knowledge of the properties and uses of transistor devices 
for electrical engineers, physicists, designers, and students, 
whether or not they possess the mathematical knowledge formerly 
essential to an understanding of quantum theory or wave mechan- 
ics.” While it is true that the nonmathematical reader can gain 
a sufficient understanding of transistor electronics from the 
descriptive material in the first part of the book for elementary 
design considerations, the book as a whole is not a “written- 
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down” or “popular” presentation. The electronic behavior of 
semiconductors is a complex subject, and Dr. Shockley has not 
sacrificed accuracy for the sake of simplicity. 

This treatment of the theory and practice of transistor elec- 
tronics has been divided by the author into three parts: Part I, 
Introduction to Transistor Electronics; Part II, Descriptive 
Theory of Semiconductors; Part III, Quantum-Mechanical 
Foundations. In the 116 pages of Part I, only the simplest theoret- 
ical concepts are introduced, and the main emphasis is placed 
on interpretation in terms of experimental results. No knowledge 
of quantum mechanics is assumed. In the 187 pages of Part IIT 
is presented a fundamental development of pertinent quantum- 
mechanical theory, prefaced by two introductory chapters of the 
usual mathematical background. The presentation of quantum 
mechanics in Part III differs from conventional treatments in 
that primary emphasis is laid on calculation of numerical results. 
The 235 pages of Part II present a descriptive interpretation of 
the reasoning and results of the quantum theory, developed 
formally in Part III. In general throughout the book, the style 
of presentation is developmental rather than deductive. Dr. 
Shockley starts out with the simplest pictorial analogies, gradually 
adding refinements, restatements, and new physical concepts, 
until the reader is led into a final coherent picture of transistor 
behavior. 

Dr. Shockley has made every effort to make the book palatable 
to readers with a wide range of background knowledge. Numerous 
general and specific references to the literature are included, and 
the book itself is internally cross-referenced. Each broad presenta- 
tion of experimental or theoretical details is preceded by an 
outline indicating the scope and significance of material to be 
covered, and followed by an interpretive summary. 

The mathematical symbolism used is uniform throughout the 
book, and a chart of all symbols used, with definitions, is included 
in the front of the book. In view of the emphasis on design com- 
putations an energy conversion chart has been included, and an 
appendix has been provided discussing the use and conversion 
of units in the cgs, mks, and atomic (Hartree) systems. Problems 
are included at the end of many of the sections. 

GeorcE E. Evans 
Oak Ridge National Laboratory 


Analytical Absorption Spectroscopy 


Epitep By M. G. MELLON. Pp. 618+vii. John Wiley & 
Sons, Inc., New York, 1950. Price $9.00. 


Although written primarily for the analytical and testing 
laboratory, this book merits a place on the shelves of any library 
even remotely concerned with analytical procedure of the type 
mentioned. The editor assumes responsibility for the general 
outline and writes one chapter of the book. Despite the fact 
that the book is a compilation of several authors, there is a 
pattern running through the individual assignments. Each 
presents an outline of problems, suggested solutions, a considera- 
tion of errors and sources, and a representative selection of refer- 
ences. The latter alone (1246 in 9 chapters) merit shelf space for 
any serious analyst, researcher, or student. The contributors 
are outstanding in their respective fields, and these reviewers feel 
that the individuals met the purpose stated in the preface, viz., 
“to present, in the space available, a balanced, contemporary 
statement of topics he considered relevant to this respective 
assignment.” 

Having assumed the responsibility for the outline of the book 
and the coordination of the material, the editor has in fact striven 
to keep inconsistencies to a minimum. Since the analyst is not 
ordinarily concerned with the optics, it seems as though a chapter 
on the optics might have been included in a separate section, 
thus freeing some of the chapters of unnecessary detail. In his 
own chapter the editor gives us the benefit of a mass of detail 
which he has considered, but when dealing with data and conven- 
tions, he confesses inability to make a single justifiable recom- 
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mendation, even for plotting spectral absorption curves. He 
might have accepted the challenge and made the recommenda- 
tions. Although the methods and terminology are necessarily 
inconsistent, some one, or some agency, must insist on clarification 
of terms and methods of presenting data. Having edited the 
several chapters and faced the confusion of some 1200 references, 
he was in an enviable (but assailable) position to do so. However, 
his own book is quite consistent, and he does show that the proper 
approach has been suggested by listing the terminology as 
endorsed by several societies. 

The first chapter presents and discusses the preparation of 
systems for absorptimetric measurement and the inclusion of 
tables, and an exhaustive list of references is worthwhile to 
anyone interested in analytical procedure. 

The third, fourth, fifth, and eighth chapters discuss the instru- 
mentation for absorptimetry and of these the fifth chapter is 
the most interesting. This chapter has a complete description of 
several instruments and may be said to present the approach of 
the Bureau of Standards. It emphasizes the relation of errors in 
spectrophotometric measures to the purpose of the measures and 
gives a good resume of the causes of errors and their magnitudes. 

The sixth chapter is admittedly the usual chapter on the 
photographic process with its inherent difficulties. The author 
compares photoelectric and photographic methods of photometry, 
evaluates both, and favors the former method. 

The seventh chapter concerns itself with the applications of 
the ultraviolet and visual spectrophotometric data. There is 
hardly a phase of the study which has been neglected. 

The ninth is an excellent chapter on the measurement and 
specification of color. 

F. J. SULLIVAN, St. Bonaventure University 
Mary E. Warca, University of Pittsburgh 


Circuits in Electrical Engineering 


By Cartes L. Vart. Pp. 560+xv, Figs. 17.09. Prentice-Hall, 
Inc., New York, 1950. Price $5.75. 


The field of this textbook is that of circuit analysis. The stated 
objective is to cover a wide variety of topics considered basic 
in this field and to provide a rigorous and detailed analytical 
treatment of the subject within a reasonable number of pages. 
To this end, the author feels that dc theory should be treated as 
a zero frequency case of ac theory, and that previously an undue 
allotment of study time has been given to dc theory. 

The book is primarily intended as a textbook and not as a 
reference work. It is generously devoted to detail and problems 
designed to fix these elements in the mind of the student. The 
analytical approach has been used, but the mathematics employed 
are not of the difficult variety. 

Since obviously two schools of thought exist, it seems to this 
reviewer that some disagreement will be found with the author’s 
objections to studying dc theory before ac theory. The prob- 
lem involved is pedagogical in nature; the proponents will cite 
logic as their argument while the opponents may be expected 
to offer arguments based on how the beginning student learns to 
best advantage. The preface of the book, however, leads one to 
expect greater differences in the text than is actually the case. 
In one regard, the proposed coalition was found more troublesome 
than the “traditional” approach. The laws for parameters in 
series and parallel combinations as treated in Chapters 6 and 7, 
respectively, are possible of simple derivation in the dc case, 
whereas the immediate introduction of both the resistance and 
admittance concept as employed when treating this subject from 
the general or ac standpoint would seem more complicated than 
desirable from the viewpoint of the beginner. 

This is followed by Chapter 8 which deals with current, potential, 
and power computations, and then in Chapters 9 and 10, the 
author returns to laws for calculation of series and parallel 
combinations, respectively, when complex impedances are in- 
volved. 


The emphasis on philosophy, historical backgroynd, and 
physical principles found in the early chapters will be useful to 
the beginning student. It is unfortunate that the needs of the 
majority have, of necessity, restricted the text from greater and 
continued emphasis on the general philosophy which would be 
more useful in the case of those students who would continue to 
advanced study. 

E.tswortu D. Coox 
General Engineering Laboratory 


Superfiuids, Vol. I. 


By Fritz Lonpon. Pp. 161+-viii. John Wiley & Sons, Inc., 
New York, 1950. Price $5.00. 


This book is essentially a monograph which expounds the 
London philosophy of superconductivity. The discovery of the 
Meissner effect in 1934 showed that superconductivity was a 
true equilibrium state and led to the development of a macroscopic 
electrodynamics of superconductors which was consistent with 
thermodynamics. This macroscopic theory, first propounded by 
F. London and H. London in the late thirties and in recent years 
extended and refined by F. London himself, is the subject of the 
present volume. 

The title is a good index of the author’s approach to super- 
conductivity. He regards the extraordinary mobility of electrons 
in superconductors as a superfluidity resulting from the appear- 
ance of quantum phenomena on the macroscopic plane. (The 
other known example of a superfluid is liquid helium II which 
will form the subject matter of Vol. II.) This point of view is 
suggestively presented in the introduction and permeates the 
body of the work. Professor London looks upon the macroscopic 
electrodynamic theory of superconductors as a framework into 
which a microscopic theory is eventually to be fitted. Conse- 
quently, if properly formulated, the electrodynamics should not 
only give a consistent phenomenological description but also 
suggest some of the broader features of the microscopic problem. 
This theme is present throughout the book and is developed at 
some length in the closing chapter which outlines a program 
for the molecular theory. 

The book is not a survey of all superconducting phenomena 
and is confined to those aspects of the subject which can be 
naturally treated in terms of a macroscopic theory. Although 
primarily a theoretical treatment, the experiments which are 
pertinent to the development of the theory are for the most part 
adequately described. 

The volume is divided into five sections. Section A treats the 
basic thermodynamics of superconductivity and the concept of 
the pure superconducting state as a true equilibrium state. Section 
B develops the electrodynamics of superconductors in considerable 
detail. The author carefully points out the distinction between 
his model and the “nonviscous flow” model. 

Section C discusses the intermediate state in terms of a coarse- 
grained electrodynamics which deals with the mean values of 
the field and avoids the difficult problem of the detailed structure 
of the superconducting domains. Section D is concerned with the 
problem of the phase transition when the surface energy is taken 
into account. 

The final section is devoted to formulating a “program for 
the molecular theory of superconductivity” suggested by some of 
the features of the macroscopic electrodynamics. No mention is 
made of the mass dependence in superconductivity nor of the 
lattice vibration theories of Bardeen and Frohlich, since appar- 
ently these developments occurred as the book was going to 
press. These topics, however, belong to a later stage in the develop- 
ment of superconductivity and their absence in no way detracts 
from the essential completeness of this book which is primarily 
concerned with macroscopic theories. 

The book is well written. In developing each section the author 
starts from first principles and attempts to make the treatments 
as general as possible. This does not always make for easy reading. 
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Those working in the field of low temperature physics will welcome 
this work as an authoritative and stimulating treatment of the 
electrodynamics of superconductivity. 
A*minor error was noted. The formula at the foot of p. 92 
apparently omits some constants. 
E. MAXWELL 
National Bureau of Standards 


Structure of Molecules and the Chemical Bond 


By Y. K. SyRKIN AND M. E. Dyarkurna. Pp. 509+-xi, Figs 
87. Interscience Publishers, Inc., New York, 1950. Price $8.75. 


This book is based on the Russian edition of 1946. In it the 
authors present a clear, straightforward discussion of our knowledge 
of molecular structure, in essentially the same way as in books 
published in the United States between 1935 and 1940, but at 
somewhat greater length, and with inclusion of recent material. 

Some important aspects of the chemical bond have been 
omitted. Thus, although there is a chapter on covalent bonds 
with partial ionic character, the electronegativity scale in relation 
to bond energy is not mentioned. The discussion of metals is 
very brief. Occasionally a subject is discussed so succinctly as 
hardly to be understandable; for example, values are tabulated 
of electron affinities of atoms as determined experimentally and 
theoretically, but with no statement whatever as to the nature of 
the experiment or of the theoretical treatment. The book presents 
a few novel features. The authors have proposed a new structure 
for the compound B:NH;, which has recently been verified by 
electron diffraction. They have introduced a novel nomenclature 
in their use of the term transitional structure: they say, for 
example, that the benzene molecule resonates between a first 
Kekulé structure, a second Kekulé structure, and the transitional 
structure, the probability distribution function for the last 
being the product of the wave functions for the two Kekulé 
structures. They have made extensive use of the concept of the 
transitional structure in the interpretation of data for electric 
dipole moments of molecules. Some errors have been introduced 
in the process of translation and publication in English. The 
most serious of these is the incorrect orientation of many of the 
electron distribution functions in Fig. 5. The translators have 
also misspelled a number of proper names, including Mulliken 
and Van der Waals. 

Linus PAULING 
California Institute of Technology 


Semi-Conductors (Methuen Monograph) 


By D. A. Wricur. Pp. 130+-viii, Figs. 32. John Wiley & 
Sons, Inc., New York, 1951. Price $1.75. 


The physics underlying the electrical properties of semicon- 
ductors is currently attracting widespread attention. As is usual 
in an expanding field, the need has arisen for an elementary 
account of the properties of these materials for students of the 
electron physics of solids. D. A. Wright has written this Methuen 
Monograph to meet this need. The subject is introduced by 
elementary considerations of the behavior of electrons in metals 
and the band structure of crystals. He then considers electron 
conductivity and emission in semiconductors, metal to semi- 
conductor contacts, secondary emission, the oxide cathode, 
and some specific photoelectric cathodes. 

The presentation is, on the whole, straightforward and is 
unencumbered by lengthy mathematical derivations. It is well 
supplemented by references. In places, organization is somewhat 
uneven. For example, the very interesting chapter on secondary 
emission is concerned largely with targets which are not semi- 
conductors. In attempting to make this survey highly contem- 
porary, the author has included some material which is admittedly 
speculative in nature. Recognized as such, it serves to emphasize 
the fluidity of the field and to delineate the degree to which it 
is understood. 
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Practical applications are indicated but not discussed, so that 
the thread of theory can be followed without excessive detours, 
In this book are the basic ideas and formulas of the physics of 
semiconductors, and it should adequately meet the need for which 
it was intended. 

K. G. McKay 
Bell Telephone Laboratories 


Aerodynamics of Supersonic Flight 


By ALAN Pope. Pp. 184+-vii. Pitman Publishing Corporation, 
New York, 1950. Price $4.00. 


The author stated in the preface of the book that it was the 
interest of undergraduate students in “supersonics” which led him 
to develop an elementary one-term course of which the book was 
the text. Since many students at this stage have not had thermo- 
dynamics, the treatment is made “deliberately nonthermody- 
namic.” The contents of the book are as follows: Chapter 1, Funda- 
mental Equations; Chapter 2, Flow in a Duct; Chapter 3, Two- 
Dimensional Flow; Chapter 4, The Oblique Shock; Chapter 5, 
Approximate Theories; Chapter 6, Supersonic Wind Tunnels; 
Chapter 7, Three-Dimensional Flow; Appendix, Standard 
Atmosphere (up to 80,000 ft); Index; Answers to Problems. 

The design of aircraft of conventional speed was perfected not 
by research fluid mechanics but by a generation of practical 
aerodynamic engineers who grasped the principles of incompres- 


sible fluid flow so well as to have a “feeling” of how the air “should 


move.” Similarly the design of supersonic aircraft will not be 
perfected by research aerodynamicists, but will depend upon 
engineers who finally are able to understand the ways of supersonic 
flow and to feel it. To train such practicing engineers, the need 
of a good elementary text in supersonics is evident. However, the 
task of writing such a text is not easy, in fact, more difficult than 
writing an advanced book where all the techniques of mathe- 
matical analysis can be used. In an elementary text, the arguments 
must be “physical,” easy to “visualize,” intuitive yet correct. 
Help could have been had by appeal to experimental data, and 
by using a number of correctly drawn figures and graphs. Professor 
Pope has certainly attempted to do all this, and he is fairly 
successful. One may perhaps object to Fig. 4:10 in that it is so 
distorted as to give a wrong impression to the reader. Or one may 
object to the statement that the strong oblique shock is not 
observed. Or one may even object to the fact that the limitations 
of simple theories are not always pointed out as a warning to 
the reader. But such minor defects will certainly be remedied in 
later editions. The book’s problems and answers will surely be 
appreciated by instructors and students alike. 
H. S. Tsten 
California Institute of Technology 


A Hundred Years of Physics 


By WILLIAM WILtson. Pp. 319. The Macmillan Company, 
New York, 1951. Price $3.50. 


To write a satisfactory estimate of this little work by an 
eminent theoretical physicist, one should have sat in his classes 
at the University of London to become acquainted with the 
author. Time and again as I read his book, I had the wish that 
I might know Professor Wilson personally, to understand his 
particular slants on the world of natural philosophy, and to 
appreciate the restraint with which he usually treats topics that 
might excite the pen points of many writers to wilder enthusiasm. 
At first, I found little in this book to warm me either to the subject 
or to the author; but as I progressed, my opinion changed. 

Considering the great number of significant achievements that 
have marked the century just past, it is bold to try to embrace 
the history of discovery and new ideas in so brief a volume. 
In physics, this has been the century of transition from caloric 
to thermodynamics, of the growth of the great generalization of 
conservation of energy, of kinetic theory of gases and statistical 
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mechanics, of the birth of quantum mechanics from Planck’s 
studies of radiant heat, of the experimental foundation of elec- 
tronic and nuclear physics. This was the century of Joule and 
Kelvin, of Maxwell and Boltzmann, and dozens of others. Some 
380 names receive mention, as shown by the index, and it is 
little wonder that many subjects have had to be compressed to 
small compass or have been omitted entirely. But the author has 
somehow succeeded in selecting his subject matter with discrimina- 
tion, in treating it with brevity and concise accuracy, and in 
moulding it into as coherent a finished product as the great 
variety of developments permits. Much of his material is treated 
on an elementary basis in a plodding, factual, and uninspired 
way, but the treatment shows the touch of the skilled hand. 
Here and there, those well acquainted with the physics of recent 
times can benefit by the personal turn that Professor Wilson 
gives to his topics. The reader can often detect the creative master 
explaining in his own well-considered way the work of other men. 

In the short space allowed there is always competition between 
historic event and fact and the interpretation of ideas: the latter 
usually wins. As a result the reader may admire the later but 
yearn for more of the former. The chronological aspects of develop- 
ment are given secondary importance to the trend of ideas. 
Professor Wilson treats his topics and his personalities of physics 
with restraint, although here and there he breaks over into a 
well-deserved superlative. There is an occasional touch of humor, 
but generally speaking the author seems to be inhibited by habit- 
ual scientific caution and a sense of balanced judgment, for 
which of course the reader must respect him. Now and then, as 
in his treatment of relativity, he warms to his subject so much 
that one could wish that the whole book were written with such 
spirit and masterful appreciation. 

On the whole, one must agree that William Wilson has succeeded 
in attaining the aim expressed in his preface where he states: 
“The discovery of the cardinal facts of physics and the growth of 
its unifying theoretical structure are described together. There 
is much in it that is addressed to both students and teachers of 
science and a little of it, here and there, even to the great pundits 
of physics.” As many of those who read this review will naturally 
class themselves among the pundits (!), they may be happily 
surprised in searching through Professor Wilson’s little volume. 
Like the Princess of Serendip, they may find valuable nuggets of 
concise and penetrating insight scattered throughout this modest 
treatment of an enormous body of human knowledge and its 
recent development. The metaphor is not inept, for gold nuggets 
and diamonds are often to be found by the trained eye in the 
midst of masses of sand and gravel of lesser value. 

RICHARD M. SuTTON 
Haverford College and Case Institute 


Electric Illumination 
Second edition. By Joun O. KRAEHENBUEHL. Pp. 446+-ix. 
John Wiley & Sons, Inc., New York, 1951. Price $8.00. 


This is the second edition of a book published some ten years 
ago. As stated in the preface it deals with the principles under- 
lying the specification and design of electrical lighting for com- 
mercial and industrial buildings, and is intended to cover the 
needs of architects, and of architectural and electrical engineers. 

There are 13 chapters in the book that deal with various phases 
of the lighting field, such as specifications of illumination, seeing, 
light sources, control of light, and also chapters on flood lighting 
and novelty lighting, since such information is often in demand. 
The book is well illustrated with 148 figures and 71 tables. 

The nomenclature of Illuminating Engineering, as laid down by 
the special committee of that society, is given with good explana- 
tions and illustrations. A consideration of the amount and quality 
of the illumination, for various seeing tasks, is presented, again 
with well-chosen illustrations. The methods of calculating the 


illumination given by various sources are outlined in Chapter 5, 
and Chapter 6 gives a good short description of the construction 
and operating conditions of various electric lamps. Various 
methods of light control are given the prominent place they 
warrant. 

The important subject of the maintenance of a lighting system 
comes in for some apt remarks. A good point is made of the 
fact that today one can get the higher illuminations recommended 
at less cost than was possible some years ago, due to the higher 
efficiency of the lamps and the lower cost of both the lamps and 
the operating electric energy. The final chapter on wiring is a 
good addition since this is a subject that laymen—and indeed 
some scientists—are not too familiar with. 

Some errors have crept into the text, e.g., (pp. 18 and 28) the 
inverse square law and the size of the source; the ordinate of 
Fig. 6-4; candlepower is not a unit (pp. 24 and 113); many will not 
agree that gaseous discharge lamps have only one advantage 
(p. 155). Such terms as visible light and ultraviolet light should 
be avoided (p. 363). Today the hum due to the choke used with 
the fluorescent lamp is practically eliminated (p. 166). It seems too 
bad, considering the advance in this subject, that the table of 
recommended illuminations for various tasks should be taken 
from a report that is ten years old (p. 167). Also that the problem 
on the economics of the fluorescent lamp should quote a paper 
that was published more that ten years ago when this lamp was 
so new (p. 390). For some it would be better if the references were 
all marked in the text so that it would be easier to find a particular 
reference. 

Taken all in all this is a very readable book and one that a 
teacher should find helpful in presenting the subject of light and 
lighting. 

W. E. ForsyTHe 
General Electric Company 


Basic Wing and Airfoil Theory 


By ALAN Pope. Pp. 294+-xviii. McGraw-Hill Book Company, 
Inc., New York, 1951. Price. $5.00. 


As the author points out, this book is a text for college senior 
or first-year graduate students. Following two short and clearly 
written chapters treating vectors, complex variables, and other 
mathematical aids necessary for the understanding of the text, 
a more or less conventional introduction is given to stream and 
potential functions. Source-sink and vortex flows are treated and 
applied specifically to the case of the circular cylinder, and Kutta- 
Joukowski theorem of lift is derived. The next four chapters con- 
cern aerodynamics of airfoil sections. Derivation of airfoil sections 
by Joukowski transformation is given with suitable examples. 
Methods of thin airfoil theory are introduced, and a means for 
separating profile thickness and chamber effects is shown. The 
theory of thick airfoils of arbitrary shape or pressure distribution 
with the method for estimation of airfoil drag completes the treat- 
ment of sections. The next four chapters treat planform character- 
istics. Following a conventional treatment of the Biot-Savart law 
and trailing vortices, downwash is considered, and the concept of 
induced drag is given. Effects of aspect ratio and planform shape 
are treated. Methods of calculation of downwash and sidewash 
are given, followed by a short treatment of effects of sweepback 
and dihedral. Then span-load distribution for arbitrary wings with 
determination of stall pattern is provided. The final chapter of the 
book treats miscellaneous applications of perfect fluid theory (e.g., 
wind-tunnel wall interference). This well-written and well-balanced 
text is an improvement over older texts, primarily in that the more 
modern methods for treatment of airfoil sections (particularly thin 
airfoil methods) and for calculation of span-load distributions 
(Multhopp, Schrenk, etc.) are given. Example problems are well 
chosen. 

_ H. JULIAN ALLEN 
Ames Aeronautical Laboratory 
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